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ABSTRACT: We construct non-critical pure spinor superstrings in two, four and six dimen-
sions. We find explicitly the map between the RNS variables and the pure spinor ones in
the linear dilaton background. The RNS variables map onto a patch of the pure spinor
space and the holomorphic top form on the pure spinor space is an essential ingredient of
the mapping. A basic feature of the map is the requirement of doubling the superspace,
which we analyze in detail. We study the structure of the non-critical pure spinor space,
which is different from the ten-dimensional one, and its quantum anomalies. We compute
the pure spinor lowest lying BRST cohomology and find an agreement with the RNS spec-
tra. The analysis is generalized to curved backgrounds and we construct as an example
the non-critical pure spinor type ITA superstring on AdS; with RR 4-form flux.
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1. Introduction and summary

The critical dimension for the superstrings in flat space-time is d = 10. In dimensions d <
10, the Liouville mode is dynamical and needs to be quantized as well. These superstrings
are sometimes called non-critical. The Liouville mode can be interpreted as a dynamically
generated dimension. Thus, if we start with superstring theory in d < 10 space-time
dimensions, we have effectively d + 1 space-time dimensions. The total conformal anomaly
vanishes for the non-critical superstrings due to the Liouville background charge. However,
while this is a necessary condition for the consistency of non-critical superstrings, it is not
a sufficient one. Much work has been done on the analysis of non-critical strings in two
and less dimensions. Consistent superstring theories in linear dilaton backgrounds with
even dimensions have been constructed in [f[], and studied in the RNS formalism.



There are various motivations to study non-critical strings. First, non-critical su-
perstrings can provide alternative to superstring compactifications. Second, the study of
non-critical superstrings in the context of the gauge/string correspondence may provide
dual descriptions of new gauge theories, and in particular QCD [g, f].

A complication in the study of non-critical superstrings in curved spaces is that, unlike
the critical case, there is no consistent approximation where supergravity provides a valid
effective description. The reason being that the d-dimensional supergravity low-energy
effective action contains a cosmological constant type term of the form

S ~ /ddﬂc\/ae_2<I> (%) ,

S

which vanishes only for d = 10. This implies that the low energy approximation £ < I;!
is not valid when d # 10, and the higher order curvature terms of the form (1372)" cannot
be discarded. A manifestation of this is that solutions of the d-dimensional non-critical
supergravity equations have typically curvatures of the order of the string scale 2R ~ O(1)
when d # 10.

The second complication is that interesting target space curved geometries include
RR field fluxes. As in the critical superstrings case, the RNS formulation is inadequate
for the quantization of superstrings in such backgrounds. In [ a covariant description of
non-critical superstrings in even dimensions has been constructed using the hybrid type
variables. The approach taken was to construct a covariant description of non-critical
superstrings on the linear dilaton background and use the supersymmetric variables to
construct the non-critical superstrings o-model action in general curved target space back-
grounds. The goal of this work is to develop the pure spinor quantization procedure for
non-critical superstrings.

The pure spinor formalism for critical superstrings [ff] is based on integer worldsheet
spin variables. They are the target superspace coordinates (z™,6%), where ™, m =0, ...,9
are commuting coordinates and 0% a = 1,...,16 are anti-commuting coordinates, p, the
conjugate momenta to 0%, the bosonic spinor ghosts A%, which satisfy the (complex) pure
spinor constraint

A A =0,

and their conjugate momenta w,. By construction, the pure spinor formalism is manifestly
space-time supersymmetric and provides a simple coupling to the NS-NS and RR fields.

Unlike the GS formalism, there is no x-symmetry to gauge fix. Instead, an important
ingredient of the pure spinor formalism is the nilpotent BRST operator

Q:/MV%,

where d, acts as the supersymmetric derivative in ten dimensions. Physical states are
elements in the BRST cohomology modulo the pure spinor constraints. In addition, the
invariance of the action under the BRST symmetry can provide strong constraints on
possible quantum corrections. This has been used, for instance, to prove that AdSs x S°
is a consistent background for type II superstrings [f].



In this paper we will use a pure spinor formalism to describe non-critical superstrings.
The strategy of constructing the pure spinor description of the non-critical superstrings is
to first map the bosonic and fermionic linear dilaton RNS variables to pure spinor variables.
A generic feature of the map in all dimensions is that it takes the RNS variables to the pure
spinor variables on a patch of the pure spinor space. The pure spinor space of non-critical
superstrings will be different from the pure spinor space of critical superstrings.

By performing the map of the RNS variables to the pure spinor variables, we will see
that a basic feature is the requirement of doubling the superspace. This can be done by
enlarging the linear dilaton superspace structure to include superspace coordinates (with
their conjugate momenta), which are not BRST invariant on the RNS side. Similarly we
will have a doubling of the superderivates, with only half of them being physical, though
all being conserved. We will see that the current algebra of the doubled superderivatives is
not a supersymmetry algebra and only a nonanomalous subsector closes on the spacetime
supersymmetry. Indeed, working in a doubled superspace with the pure spinor variables
will require an appropriate projection to this physical subsector. However, the doubled
superspace will allow to study pure spinor superstrings in backgrounds with double the
supersymmetries of the linear dilaton background.

Let us illustrate the above discussion by briefly presenting the pure spinor structure
that we will find for two-dimensional superstrings in linear dilaton background

Ry, x U(1), .

The background has two bosonic dimensions, the noncompact Liouville direction ¢ and
the = direction compactified on a circle with radius R = 2/@Q), where Q = 2 is the Liouville
background charge. The doubled superspace (in the holomorphic sector) has two fermionic
coordinates (07, er) with their conjugate momenta (p4,py). The (67, p) pair are BRST
invariant physical quantities, while (9*, p) are BRST non-invariant, but required by the
map from the RNS variables to the covariant variables. Similarly, the corresponding two
superderivatives are d; and d; , where the former is BRST invariant, and the latter is not.
The OPE between the physical and unphysical d’s does not close a superalgebra, but rather

has a double pole
Q

The space-time zero-dimensional supersymmetry is realized by the physical d;, which is in
fact nilpotent in this case.

The crucial ingredient in this covariant formalism is provided by the pure spinor vari-
ables (A%, w, ), which form a curved beta-gamma system on the pure spinor space. This
has important consequences that will be discussed in detail in the paper. First there is a
coupling of the worldsheet curvature 7 to the holomorphic top form € on the pure spinor
space

S~ /d2zr(2) log Q(A),

which modifies the stress tensor, as well as the saturation rules for correlators. Second, there
are global obstructions to the definition of the pure spinor system on the worldsheet and on



target space, associated with the need for holomorphic transition functions relating (A%, w,)
on different patches of the pure spinor space, which are compatible with their OPE. They
are reflected by quantum anomalies in the worldsheet and pure spinor space holomorphic
diffeomorphisms [[f]. The critical superstring pure spinor space has a singularity at A* = 0.
Blowing up the singularity results in an anomalous theory. However, simply removing the
origin leaves a non-anomalous theory [§]. The same holds for the pure spinor spaces of
non-critical superstrings. However, in two and four dimensions, removing the origin results
in disconnected pure spinor spaces.

The pure spinor variables in the two dimensional non-critical string are (AT, A+) sat-
isfying the equation

AT =0.

This defines a complex dimension one pure spinor space. Note for comparison that the
pure spinor space of critical superstrings in ten dimensions is a complex eleven-dimensional
space. The map from the RNS variables to the pure spinor ones takes the RNS variables
to the patch of the pure spinor space defined by (AT # 0, 2= 0).

The superstring on a two dimensional linear dilaton background is defined by the
following stress tensor

T = -1, — ;007 + $e;;007907 + L0119 — ill¥)
+wroA — 10%1og Q(N),

where I = +,+ and m = x, p. This structure is very similar to that of pure spinor critical
superstrings and is convenient for generalization to curved backgrounds. Note that the
terms proportional to () = 2 are features of the linear dilaton background.

In the BRST operator of the non-critical superstrings we will include not only the
physical superderivatives but also the unphysical ones. Note in comparison that, in the
critical superstring in flat ten dimensions, all the superderivatives in the BRST charge are
physical. Here, the BRST operator

QB = 7{ Nd;

where I = +, +, includes both the physical and unphysical superderivatives. Note that,
due to the double pole in the d’s OPE, the nilpotency of the BRST charge Qg requires, in
addition to the pure spinor condition ATAT = 0, that

XAt —ataat =o.

However, this derivative condition is a consequence of the algebraic one.

We will compute the cohomology and, since we are interested in the space-time su-
persymmetry multiplets, we will consider only the part of the cohomology that contains
the variables that realize the supersymmetry current algebra. The physical states are the
vertex operators at ghost number one and weight zero. We will find two different kinds
of such operators. The first is analogous to the usual ten-dimensional vertex operator.
In general this contains the off-shell d-dimensional supergravity multiplet (for the closed



strings). The second type is peculiar to the linear dilaton background. It contains a gauge
multiplet, in which the tachyon sits. This will reproduce the RNS computation of the short
supermultiplets.

In computing the cohomology of the BRST operator, we restrict to the part of the
vertex operators that contains the physical fermionic coordinate ™. This indeed reproduces
the RNS computation of the short supermultiplets. The supergravity multiplet does not
exist in the case of two-dimensional superstrings, while the supermultiplet in which the
tachyon sits has two bosonic and two fermionic degrees of freedom.

One essential feature of the pure spinor non-critical string is that it can be generalized
to describe other non-critical backgrounds, as we are used to do in the ten-dimensional
critical superstrings. As an example, we will propose a sigma model for the type IIA
non-critical superstring on AdSy background with RR four—form flux. This background is
described by the supercoset

0Sp(2/4)
SO(1,3) x SO(2)

and has eight real supercharges, which is the content of the enlarged superspace in the
four-dimensional non-critical string. As we will see, the action for this supercoset will be
suitable for quantization and its BRST charge will be the usual pure spinor BRST charge.

The paper is organized as follows. In section | we first give a brief introduction to the
pure spinor formalism for critical ten-dimensional superstrings. We then construct a map
from the RNS variables to the pure spinor ones for critical ten-dimensional superstrings.
The map makes the Bv-system structure of the pure spinor variables explicit and we will
gain an insight into the global definition of the pure spinor space and the importance of
its holomorphic top form. In section | we discuss the RNS non-critical superstrings in
the linear dilaton background and provide all the necessary ingredients for the rest of the
paper. In particular we summarize the space-time supersymmetry structure and describe
the spectrum of space-time supermultiplets.

In section [ we pass to the construction of the pure spinor two-dimensional non-critical
superstring, whose main features have been outlined above. We map the RNS variables
to the pure spinor ones, analyze the supersymmetry structure of the covariant formulation
and its pure spinor space. We construct the pure spinor action and stress tensor, introduce
the BRST operator and its cohomology and consider global issues and anomalies of the
pure spinor formalism. In section ] and 6 we repeat the same construction and analysis
for the pure spinor non-critical superstrings in four and in six dimensions.

In section [f] we comment on the computation of amplitudes and discuss the non-critical
pure spinor measure. In section [§ we propose the type IIA pure spinor formulation of non-
critical AdS, background with RR flux. Section [ is devoted to a discussion of the open
problems and the future directions. In the appendices we will put the details of various
computations. In appendix A we explain the various notations for the spinors we used
through the main text. In appendix B and C we collect the RNS generators of the N = 2
superconformal algebra and we show some details of the RNS computation of the short



multiplets. In appendix D and E we give some details of the pure spinor computations. In
appendix F we present a curious deformation of the pure spinor theory we came accross.

2. The pure spinor formalism

In this section we will briefly review the main ingredients of the pure spinor formalism
for critical superstrings in flat ten-dimensional target space [f, f]. These structures will
appear with some modifications in the pure spinor non-critical superstrings. We will con-
sider for simplicity the open superstring. The generalization to the closed string case is
straightforward. Consider the supermanifold (z™, %), where 2™, m = 0, ...,9 are commut-
ing coordinates and 6% a = 1,...,16 are anti-commuting coordinates. One introduces p,
as the conjugate momenta to 6% with the OPE

85

Pa(2)67(0) ~ 2 21)

Next we add bosonic spinor ghosts A%, which satisfy the (complex) pure spinor constraint
AN =0, (2.2)

and their conjugate momenta w,. The system (wq, A%) is a (3,7) system of weights (1,0).
Vo are the symmetric 16 x 16 Pauli matrices in ten dimensions. The pure spinor set of
constraints (.J) is reducible. Tt defines a complex eleven-dimensional space M, which is

a cone over Q = 53((;)0).

The pure spinor constraint implies that w,, are defined up to the gauge transformation
dwag = A" (ymA)a - (2.3)

Therefore, w,, appears only in gauge invariant combinations. These are the Lorentz algebra
currents My, the ghost number current Ji,, y) which assigns ghost number 1 to A and ghost
number —1 to w

1
My, = iw’ymn)\, Jw,n) = War”, (2.4)

and the pure spinor stress-energy tensor 7{,, y), which we will now discuss.

The gauge fixed worldsheet action is .S = Sy + 51, where
2 1 m 9 aYale! I\«
So= [ d°z 5856 O0Tm + Pa00® — wa,OXY | (2.5)

and

S = /sz Gr(?) log Q(A)) . (2.6)

S, is a coupling of the worldsheet curvature r(2) to the holomorphic top form Q of the pure
spinor space M
Q=QN\)dA A AdAE. (2.7)



It is not yet clear, however, what is the non gauge-fixed form of the action S. ! Note that
the (wq, A*) action is holomorphic and does not depend on their complex conjugates.

The stress tensor of the (w, \) system reads
1
Tl ) = WaOX* — 562 log Q(\), (2.8)

and we will discuss the significance of the last term below. The system (wq, A%) is inter-
acting due to the pure spinor constraint. It has the central charge c¢(, ) = 22, which is
twice the complex dimension of the pure spinor space

dim(c ,/\/l
T(wv\)(z)T(w,)\)(O) ~ 274() + ... (2.9)
The ghost number anomaly reads
8 c1(Q
J(wy)\)(z)T(w,)\)(O) ~ _g +..= 2(;3 ) + . (210)

where ¢;(Q) is the first Chern class of the pure spinor cone base Q.
The physical states are defined as the ghost number one cohomology of the nilpotent
BRST operator

Q= j{dz Ay (2.11)

where

1 1
do = Pa — 5%%050% - g%%mgeﬁmaaé. (2.12)

This BRST operator is an essential ingredient of the formalism but it is not clear how to
derive its form by a gauge fixing procedure.

The d, are the supersymmetric Green-Schwarz constraints. They are holomorphic and
satisfy the OPE

do(2)dg(0) ~ —M : (2.13)
and
do(2)TT™(0) ~ M, (2.14)
where . Z,
Aa(,0) = S (7" O)atm () + 7 (09™"70) (Ymnp)apt” () + O(67) (2.15)

is the supersymmetric momentum. d,, acts on function on superspace F(z™,0%) as

_ DoF(a™(0),6°(0))

da(2)F (™ (0),6%(0)) . , (2.16)
where 5 )
— 4 —~Amgb

is the supersymmetric derivative in ten dimensions.

!There have been various attempts to derive the pure spinor formalism from first principles [E,@



Massless states are described by the ghost number one weight zero vertex operators
VO = \A(2,6). (2.18)

The conditions QVM) = 0 and the gauge invariance 6V = QQ© imply by explicit
computation that A, is a super Maxwell spinor superfield in ten dimensions

Aal2,6) = 5(10)atim (@) + 5(10)a(10)587 () + O(F?), (219)

where a,,(x) is the gauge field and ¢7(x) is the gluino. It is related to the gauge field A,,
by
Ay =72 Do Ag, (2.20)

and A, (x,0) = ap(z) +O(#). Only in ten dimensions do these conditions give an on-shell
vector multiplet. In lower dimensions they describe an off-shell vector multiplet.
The integrated ghost number zero vertex operator for the massless states reads

1
V= /dz <690‘Aa F T Ay, + dg WO + §anF’”"> : (2.21)

where W% and F™" are the spinorial and bosonic field strength, respectively. The analysis
of the massive states proceeds in a similar way. At the first massive level the ghost number
one weight one vertex operator has the expansion [[L3]

UD = XAy + 2200°Bos + ... (2.22)

In curved spaces the superspace field equations are derived by the requirement that A%d,,
is holomorphic and nilpotent [[[4].

The construction of the closed superstrings is straightforward. One introduces the right
moving superspace variables (pg, %), the pure spinor system (w4, A%) and the nilpotent
BRST operator

@:f&v@. (2.23)

The analysis of the spectrum proceeds by combining the left and right sectors. For instance,
the integrated ghost number zero vertex operator for the massless states reads

U= / d*z (80‘)‘14&3553 + 00% Ay II™ + ) . (2.24)

The pure spinor system (A%, wy) defines a non-linear o-model due to the curved nature
of the pure spinor space (2.3). There are global obstructions to define the pure spinor
system on the worldsheet and on target space [[], §J. They are associated with the need for
holomorphic transition functions relating (A%, w,) on different patches of the pure spinor
space, which are compatible with their OPE. They are reflected by quantum anomalies in
the worldsheet and target space (pure spinor space) diffeomorphisms. The conditions for
the vanishing of these anomalies are the vanishing of the integral characteristic classes

%cl(E)cl (M) =0, %pl(/\/() 0, (2.25)



c1(X) is the first Chern class of the worldsheet Riemann surface, ¢; (M) is the first Chern
class of the pure spinor space M, and p; is the first Pontryagin class of the pure spinor
space. The vanishing of ¢;(M) is needed for the definition of superstring perturbation
theory and it implies the existence of the nowhere vanishing holomorphic top form Q(\)
on the pure spinor space M, that appears in the stress tensor (2.§).

The pure spinor space (B.2) has a singularity at A* = 0. Blowing up the singularity re-
sults in an anomalous theory. However, simply removing the origin leaves a non-anomalous
theory. This means that one should consider the pure spinor variables as twistor-like vari-
ables. Indeed this is a natural intrepretation of the pure spinor variables considering them
from the twistor string point of view.

Finally, although we will not discuss the computation of loop amplitudes, it is worth
mentioning that unlike the RNS superstrings, all the variables that we use in the pure
spinor superstring are of integer worldsheet spin and there is no need to sum over spin
structures.

2.1 The ten-dimensional map

In this section we will construct a map from the RNS variables to the pure spinor ones.
We will make use of a parameterization of the pure spinor components that would make
the (~-system structure of the pure spinor variables explicit. In this way we will gain a
new insight into the global definition of the pure spinor space and the importance of its
holomorphic top form. The pure spinor stress tensor we will obtain by the map will contain
the contribution of the holomorphic top form on the pure spinor space. Indeed this term is
necessary for a consistent definition of the pure spinor By-system [§, fi]. Note that in [[L5]
a similar map from the RNS variables to the pure spinor ones has been constructed, but
with no consideration of the (~-system structure and the holomorphic top form.

In the following we will consider the holomorphic sector. It is to be complemented
by the anti-holomorphic sector for obtaining the Type II superstring. The holomorphic
supercharges in the —% picture of the RNS superstring are given by the spin fields

o = ¢/ EIo1 s HT (2.26)

where the Hs are the bosons obtained from the bosonization of the RNS worldsheet matter
fermions and the s;’s take the values :I:%. These supercharges decompose into two Weyl
representations.

In order to proceed with the map, one must first solve the pure spinor constraint
Ay A = 0, going to one patch of this manifold. In each patch a different component of
the pure spinor is non-zero. The field redefinition we will use maps the RNS description
into one patch of the pure spinor manifold. For concreteness we will work on one of the
patches which is most conveniently described by the SU(5) x U(1) decomposition of the
pure spinor A* = (AT, A% )\,). The component of the pure spinor assumed to be non-
zero is AT corresponding to the representation 1 5 of this decomposition. In this patch

one can solve for the 5_s components A% in terms of A™ and the components in the 101
2

3
3
representation \gp.

,10,



On this patch the supercharge ¢, which is the singlet of SU(5) is raised to the —i—%

picture:
0 = b7763¢/2+z‘ S H/2 +i Za@a + Z-xa+5)e¢/2+i >, HY/2—iH® : (2.27)
a

while the supercharges g,, corresponding to the pure spinor components A* we solved
for, remain in the —% picture. Together they form a part of the original ten-dimensional
supersymmetry algebra. One then defines the fermionic momenta

py = b3/ HHNHY2 oy — g, (2.28)

and their conjugate coordinates 7 and §%. Note that the OPE’s of the fermionic momenta,
among themselves are all non-singular.
The heart of the map is the introduction of two new fields ¢ and & using

n= 6¢+Hp+ ) b= e(¢7k)/2p+ ) (229)
yielding
~ 3i “ 9 1
¢_—Z;H — k= 10+ 5X, (2.30)
i o 3 1
K:Z;H —I{—qu—ix, (231)
whose OPE’s are
b(2)p(0) ~ —logz, F&(2)R&(0) ~logz. (2.32)

The reason why we choose the particular field redefinition (.29), explained in [[[j], is that
the pure spinor formalism is, loosely speaking, equivalent to the RNS formalism when we
take into account all the different pictures at the same time, which is achieved by working
in the large Hilbert space, that is including the zero modes of the ghost £&. But the usual
cohomology of the RNS BRST charge Qrns in the small Hilbert space is equivalent to the
cohomology of Qrns + ¢ 7 in the large Hilbert space. With the redefinition (2:29), we are
then mapping the ¢ 7 term of this extended BRST charge directly to the part ¢ A*d, of
the Berkovits BRST operator (R.11)).

By substituting the map into the RNS energy-momentum tensor one obtains

1
T =Ty + Ty = D) Z(&rm)Q —p 0Ot — Zpaﬁa —

m
- %(&5)2 + %(agf + 0%+ 0%k (2.33)
This can be verified to have still a vanishing central charge
c=(10)z + (—12)pp + (2)45. = 0.
The pure spinors are reconstructed by the ordinary bosonization of a 37-system [[[q]

AT = eq3+’~", wy = 81%6_(13_’%, (2.34)

— 11 —



whose OPE is 1
wy (2)AT(0) ~ - (2.35)

But the naive stress tensor one would expect for this Gv-system
1,,.- 1 1., 1

ONT = —=(00)* + Z(0k)? — 0% — =0°F

w, S(06)? + 5 (07)? - 50%6 — S0P,

does not coincide with the one we got from the map (R.3J). This shows that the pure
spinor stress tensor is not simply w,dA" but actually

1
Ty = wi ONT — 502 log Q(\), (2.36)

where ) is the coefficient of a top form defined on the pure spinor space [J. By comparison
we can read off the top form itself

Q = ¢ 30HR) = (\F)=3, (2.37)
At this point, we can map the RNS saturation rule for amplitudes on the sphere
(cOcd?*ce™ ) =1, (2.38)
to the pure spinor variables, obtaining
(W)3(0°)°) =1, (2.39)

which is the prescription for the saturation of the zero modes in the Berkovits formalism [f.
Note that the third power of the pure spinor is consistent with the expression of the
holomorphic top form () we just reconstructed.

The next step in performing the map is that we have to covariantize this superstring by
adding the missing coordinates and momenta. So, following [1J], we add a BRST quartet
consisting of ten (1,0) be-systems (pap, #%°) and ten (1,0) By-systems (wqp, A%). They have
opposite central charges, so the total central charge remains unchanged. In this way we
recover the full pure spinor stress tensor

T= —%meaxm — dq00% + wa,ONY — %32 log Q(A). (2.40)

The BRST charge has to be modified to assure that these extra degrees of freedom are
not included in physical states. Since we will be concerned with non-critical supertrings in
this paper, we leave for a future work the study of how the BRST cohomology of the RNS
superstring is mapped to the pure spinor cohomology.

Let us mention that the study of the global properties of the pure spinor space M is
crucial in order to obtain the correct cohomology of the superstring. The curved space M
can be covered by sixteen patches, one for each component of the pure spinor A% that we
can take to be nonzero. On a single patch, the pure spinor action reduces to the sum of
eleven free Jy—systems. If we want to recover the spectrum of the superstring from the
cohomology of the free 3y-system, we need to add to the Berkovits operator (R.I1) the

- 12 —



Cech operator dceen, on the pure spinor space M, such that the total BRST charge of the
pure spinor gy-system is actually

QBRST = %)‘ada — OCech, (2.41)

which computes the Cech cohomology on M with values in the BRST cohomology of (R.11]).
This will be discussed in a separate work.

3. RNS non-critical superstrings

In this section we will consider the RNS description of superstrings propagating in the d+2
dimensional background [[I], [L7]

RY xRy, x U(1),, (3.1)

with flat metric in the string frame and a linear dilaton

Q
d=Z2yp.
5 ¥

The effective string coupling g, = e®

varies as we move along the ¢ direction and when
considering scattering processes one needs to properly regularize the region in which the
coupling diverges. We will only consider the weak coupling region ¢ = —oo, where pertur-
bative string computations are valid and we can safely analyze the string spectrum.

In the following we will focus on the holomorphic sector of the closed superstring. The
d 4+ 2 dimensional RNS superstring is described in the superconformal gauge by 2n + 1
superfields X#*, with u = 1,...,d = 2n, and X and by a Liouville superfield ®;. In
components we have X*# = (zM,¢*), X = (z,¢,) and ®; = (p,1;), where the ¢’s are
Majorana-Weyl fermions.

The d = 2n coordinates x* parameterize the even dimensional flat Minkowski part of
the space, while the coordinate x is compactified on a circle of radius R = 2/Q), whose
precise value is dictated by the requirement of space-time supersymmetry, as we will see
below. The coordinate ¢ parameterizes the linear dilaton direction with a background
charge Q). As usual, we need to add the superdiffeomorphisms ghosts (/3,v) and (b, ¢). The
central charge of the system is

c=(3/2)2n + 1) xu x3 + (3/2 4 3Q%)(a,) + (11) 15y} — (26)0c

and the requirement that it vanishes fixes the slope of the dilaton to Q(n) = V4 — n.
For n = 4, the background charge vanishes and we have eight flat coordinates plus ¢
and z, getting back to the flat ten-dimensional critical superstring. When n # 4 we have
non-critical superstrings.
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3.1 Space-time supersymmetry

In even dimensions d = 2n, at the particular value of the radius R = 2/Q the worldsheet
theory has a global N = 2 superconformal symmetry. Before showing its generators, let us
define ¥ = 1y + i1y, and W! = ! + ip!*" (with I = 1,...,n) and bosonize them in the
usual way by introducing the bosonic fields H, H! and setting

ool = 29H, Ww!'t=20H!, (3.2)

where { denotes Hermitian conjugation in field space and the H’s have canonical OPE’s
H!(2)H’ (w) ~ —6"7log(z — w). In this way we can define the spin fields ©* = etz in
the (x, ) direction and the spin fields £* = etaHlt5H " where the index a runs over the
independent spinor representation of SO(2n). We list below the matter part of the N' = 2
superconformal generators, their ghost part is collected in appendix A.

The matter stress tensor is

2n n
1 1 1 1 Q 1
__* w2 _ L 2 _ L 2 _ 1+ 2  Wag2 1 2
Tin = =3 2 (0" =5 Y OH'Y = 50 = 500"+ 57— 50"
(3.3)
the two supercurrents are
Gt = ZZ e*iHla(xI + iz ™) i 9 + iz + iQH), (3.4)
I=1
G~ = zz eiHlﬁ(xl —ix!™) 4 it (o — iz — iQH), (3.5)
I=1
and the U(1) current is
J=—i) OH' —i0H +iQdx. (3.6)

I=1
The worldsheet N' = 2 superconformal symmetry gives rise as usual to space-time
supersymmetry. Since it is present only at R = 2/Q, we call it the supersymmetric radius.?
In other words, the radius changing operator is not an N = 2 primary. For the (2n + 2)-
dimensional superstrings we can construct 2”12 candidates for space-time supercurrents in
the —% picture
g~ o 5 T5(EHEH £ £H"+Qz) ’ (3.7)

with the usual bosonization of the superghosts § = 0ée~? and v = e?n.

Only 2" of them are mutually local and BRST invariant. Combining the left and right
sectors, we can realize a space-time supersymmetry algebra with 27t! real supercharges
that close on the SO(d) translation along the flat R? part of the space-time (d = 2n). In
the case of even n, the supercharges are in different SO(d) spinor representations, while if

2The stability of the linear dilaton background away from the supersymmetric radius has been recently
discussed in [@]
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n is odd they are in the same spinor representation. The circle on which z is compactified
is related to the R-symmetry: the momentum along the circle corresponds to the R-charge
and is measured by the affine current

oz . (3.8)

In the RNS formalism, space-time supersymmetry only closes up to picture changes.
We will need to consider supercharges in the —i—% picture as well, so we will make use of the
picture raising operator 2

Z, ={Qp, &} = 200ne*® + (G + G7) + 260ne*? 4 bne® + ot . (3.9)

We will return later to the supersymmetry algebra in the various dimensions and show
explicitely its current algebra case by case.

3.2 Spectrum

In this section, we will collect some useful results about the spectrum in various dimen-
sions [[J], that we will compare to the pure spinor covariant cohomology computation.

Consider first various general features of the superstring, which are valid in all non-
critical dimensions on the backgrounds (B.1). The RNS computation of the spectrum
follows an indirect path, since an explicit BRST analysis has been done only in the d = 0
case. It can be done in three steps:

1) Identify the physical space-time supercharges and GSO project the vertex operators.

2) Impose the on-shell condition A = 1 and the Dirac equation.

3) Impose the level matching conditions on the operators with the same momentum
in the noncompact Liouville direction .

4) Require that the vertex operators are all mutually local with respect to each other.

The bosonic part of the lowest level spectrum is what, in a familiar ten dimensional
language, we would have called the graviton, the dilaton and the B-field plus the appro-
priate odd dimensional RR field strengths® and a new character, the tachyon, which in
the non-critical case is non tachyonic and survives the GSO projection. However, because
the theory is compactified on a small circle, the analysis of the spectrum from the d + 2
dimensional point of view is misleading and we should think of them as on-shell string
modes in d + 1 dimensions with certain winding and momentum around the circle. In this
picture, all the (d+ 1)—dimensional modes are massive and the lowest lying state is always
the tachyon (in d + 1 = 5 dimensions the tachyon is massless). On the other hand, the
spectrum must arrange itself into representations of the space-time symmetries, namely
the super-Poincaré group acting on the flat R14~1 part of the space-time. We have to fit
the (d + 1)-dimensional modes into supersymmetry multiplets of d dimensions. There are
two crucial features here:

i) From the (d + 1)—dimensional point of view the string modes are on-shell: the mass

in their dispersion relation is fixed, because we are reducing on the compact direction z.*

3In d 4 2 dimension, if there is a F_(FdH/Q) form it is also self dual.

4The dispersion relation comes from the condition A = 1 for on-shell vertex operators.
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When we further reduce these modes along the Liouville direction down to d dimensions,
however, they arrange themselves into off-shell d dimensional supermultiplets. Because
the momentum in the noncompact Liouville direction ¢ is continuous, in fact, the mass
that appears in the dispersion relation for the d-dimensional momentum £, is continuous,
above a certain mass gap.

i1) The different winding and momentum modes of the same parent (d+2)-dimensional
RR field strength fit into different d—dimensional supermultiplets.

There are two kinds of vertex operators in the theory: the normalizable modes are
particles propagating in the bulk of the linear dilaton and they corresponds to states in the
holographic dual theory (in the AdS/CFT sense); the non—normalizable vertex operators
instead have a wavefunction exponentially supported in the weak coupling region and
they correspond to operators in the dual theory. We will be interested in computing
the deformations of the worldsheet lagrangian, corresponding to variations of the string
background, so we will focus just on the non—normalizable operators. In particular, the
ones which are chiral primary fields of the NV = 2 worldsheet superalgebra can be added to
the action without breaking the N = 2 superconformal symmetry itself. This means that
they correspond in the dual theory to observables that preserve space-time supersymmetry
and they necessarily fit into off-shell short representations of the space-time supersymmetry.

Let us now summarize the symmetries and the spectrum of the non-critical superstring
(to be concrete we will only consider type IIB) on the background R4—11 x R, x U(1),
in the various dimensions. We always find two kinds of off-shell supermultiplets, a gauge
multiplet, to which the tachyon belongs, and a supergravity multiplet. At the end, we will
discuss how the holographic picture of the background is realized on this spectrum.

d=0

This is the so called two-dimensional non-critical superstring. In this case there is
no Lorentz symmetry, but only N' = 2 supersymmetry in zero dimensions with a U(1)
R-symmetry. There is no supergravity sector in this case, the graviton in fact is just a
discrete state. We only have the gauge multiplet, containing the RR scalar potential C,
the tachyon T and two real fermions,® for a total of 2 @ 2 degrees of freedom.

d=2

We have SO(1,1) Lorentz symmetry acting on the flat RY! and in the type IIB case
we find NV = (4,0) supersymmetry with a U(1) x Zs R-symmetry. We still have two
supermultiplets. The gauge supermultiplet, containing the tachyon, has 4 & 4 off-shell
degrees of freedom. Then we have the two-dimensional supergravity multiplet, containing
8 @ 8 degrees of freedom.

d=

5From the two dimensional point of view the tachyon only gives rise to winding modes and usually it is
not included in the propagating spectrum of the two dimensional non-critical string. But here we are clas-
sifying the spectrum according to zero dimensional supersymmetry, so we include it in the supermultiplet.
Moreover, the RR potential is a two dimensional chiral boson and the two fermions are chiral.
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In this case we have N = 2 super-Poincaré SO(1,3) symmetry acting on the flat R
part of the space-time. In addition we have also a U(1) R-symmetry. The spectrum con-
tains an N/ = 2 off-shell gauge multiplet, which contains the tachyon and has 8 & 8 degrees
of freedom. Then we have the N’ = 2 supergravity multiplet with 32 & 32 states.

We collect the various spectra in the following table:

d=0 d=2 d=4
gauge: 242 404 848 (3.10)
supergravity: — 8d8 32 @ 32

Consider the holographic interpretation in the d = 4 case [Rd]. The Liouville direction
¢ is the holographic direction. At the weak coupling end of the space ¢ = —o0 a four
dimensional non-gravitational theory lives, which is non local and is called Little String
Theory. Its low energy limit is a particular N/ = 2 supersymmetric gauge theory, the
SU(2) Seiberg—Witten theory at the singular point in the moduli space of vacua where a
monopole becomes massless. This system can also be realized as type IIB string theory on
the conifold at vanishing string coupling, in which case we know that this is the dual gauge
theory.

At the monopole point, the gauge theory is abelian and its field content consists of an
N = 2 gauge multiplet and a massless hypermultiplet. The latter contains the massless
monopole (which can be realized as a D3-brane wrapping the vanishing 3-cycles of the
conifold). In the dual perturbative string spectrum we can only see the off-shell vector
multiplet, which corresponds precisely to the supermultiplet with 8 & 8 degrees of freedom
to which the tachyon belongs.

A similar picture exist in the lower dimensions, corresponding to type IIB superstring
on a higher dimensional conifolds at vanishing string coupling. These give rise to lower
dimensional Little String Theories. The vector multiplet in their low energy spectrum
corresponds to the gauge multiplet (in which the “non-tachyonic” tachyon sits) of the

superstring in the linear dilaton background.

4. Two-dimensional superstrings
In this section we will construct the pure spinor superstring in the linear dilaton background
Ry x U(1), -

This theory has two bosonic dimensions, the dilaton direction ¢ and the x direction. The
latter is compactified at the supersymmetric radius R = 2/@Q, where Q = 2 is the Liouville
background charge. Since there are no transverse directions (d = 0), this two dimensional
case is the easiest case for explaining the construction of the corresponding pure spinor
theory.

The strategy for the construction of the pure spinor non-critical superstring is that we
first map the RNS worldsheet variables to a patch of the pure spinor space and then we
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reconstruct the covariant formulation. As we will see, an important feature of the model is
that it is naturally embedded in a larger superspace, that we will eventually reduce to the
physical one. This will be a feature that allows to generalize the non-critical pure spinor
action to other backgrounds with a larger amount of supersymmetries.

We first recall some facts about the RNS computation of the spectrum and super-
symmetry algebra R1-R3]. Then we will introduce the map to the pure spinor variables
and reconstruct the full covariant theory. We will compute the cohomology and show that
it agrees to the RNS spectrum. Eventually, we will present some speculations about the
possible generalization to other non-critical two dimensional backgrounds.

4.1 The RNS superstring

The supersymmetry structure of the model is that of a zero-dimensional space-time. Con-
sider the holomorphic part. The addition of the antiholomorphic sector in order to get the
closed superstring is straightforward.

The model has one real supercharge, and we can choose the BRST invariant supercur-
rent ¢4 (2) in the —3 picture

g+ = e 20t H iz (4.1)

The corresponding supercharge () is given by
Qs = 74 ematrati, (4.2)

and is nilpotent Qi = 0, as we expect from the fact that we have no transverse space
and hence zero dimensional supersymmetry.® We have another physical supercurrent ¢_ =
e~ 3¢~ 3H+ which is nonlocal with respect to ¢+. The choice of the ¢4, G4 gives type 11B,
while the pairing ¢, g gives type IIA. We will only consider the former case.

A basic feature of the map from the RNS to the pure spinor variables is that it requires
doubling the superspace. In [d] it has been noted the existence of another supercurrent
q;(z) of the form

g = o—®/2+iH/2+ix (4.3)
The supercurrents ¢4 and ¢; are mutually local and the latter is a conserved current as
well, so the correponding charge is conserved. However, while ¢ is BRST invariant, q;
is not. Indeed, the model has only one physical real supersymmetry. The supercharges

satisfy
{Q+a Q+} = %e_qb'i‘iH . (44)

However, ([.4) is not a supersymmetry algebra. Recalling that in the RNS formal-
ism supersymmetry only closes up to picture changing, we can picture raise the physical
supercurrent ¢4 to the % picture

qgr+1/2) :bne3¢/2+iH/2—ix_i_z-a((p_i_ix+iQH)e¢/2—iH/2—ix’ (4.5)

6This theory is realized as type II superstring on a Calabi-Yau fivefold in the limit of zero string coupling.
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and compute the OPE between the physical supercurrent qfl/ 2 and the unphysical one

in the —% picture

¢ ()P (0) ~ % - gﬁ(so + iz +iQH)(0), (4.6)

which is indeed not a supersymmetry current algebra, due to the presence of the double
pole. This anomalous term is proportional to the Liouville background charge Q = 2.

As we will see, working in a doubled superspace in the pure spinor variables will require
an appropriate projection to the physical superspace. However, the doubled superspace
will allow to study pure spinor superstrings in two-dimensional backgrounds with four
supercharges, that is twice as many supersymmetries as in the linear dilaton background.

4.2 Multiplet spectra: RNS analysis

In the following we will construct the multiplet spectra of the RNS superstring on the
Ry, x U(1), background. We first consider the holomorphic sector as a building block for
the closed superstring multiplet.

As we anticipated in Section [, we will consider non—normalizable vertex operators

only and we normalize their Liouville dependent part as

Vo~ % = e%“"e_E‘p = gs(ap)e_E‘p, (4.7)

—Eo

such that the corresponding wavefunction ¥(E) ~ e is localized in the weak coupling

region gs(p) — 0. These operators satisfy the Seiberg bound [P4]

Repg < %, (4.8)

There are also operators with complex § = Q/2 + ik, whose imaginary part is the mo-
mentum of the wavefunction of a particle moving in the ¢ direction. They correspond to

propagating particles that can be scattered.

4.2.1 Holomorphic sector

We begin with the NS sector.
NS sector
The tachyon vertex operator in the —1 picture is
T = e~ OFipethe, (4.9)
The condition for T" to have weight A(T) =1 is
P’ -B8B-Q) =1, (4.10)

where @@ = 2. The requirement for mutual locality of 7' with the supercurrent ¢ (GSO
projection) reads pQQ € 2Z + 1. Note that this condition also implies that 7" is mutualy
local with g;. The lowest lying states have p = i%. The operator

Ty = e *taledin), (4.11)
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is a worldsheet (anti)chiral primary (annihilated by GT) of Aatter(Th) = +L = %, with
space-time R-charge R = :I:%. Both are non-normalizable operators as their Liouville
momentum satisfies § < % Note that the OPE of " and T~ has a branch cut, so they
are not both mutually local.

The NS sector may also contain a vector of the form
Vy = e ¢tieltipetfe o — 47 (4.12)

The weight requirement is p> = B(8 — Q) and the mutual locality condition with the
supercharge requires pQQ € 2Z. In order to be a primary of the worldsheet N = 1 SCA
(i.e., having no double poles with the supercurrent G,,) we need that 5 = ep + @, which
together with the weight one requirement imply that p = 0 and 8 = . This violates the
Seiberg bound and the operator is normalizable, so it does not fit into space-time short
supermultiplets.

Ramond sector
The Ramond sector operator in the —% picture reads

Ry = e~ ®/2+ieH/2vipe+fe (4.13)

The weight one condition is p? —3(8—Q) = 1, and the mutual locality with the supercharge
implies that 2pQ € 4Z 4 ¢ — 1. The Dirac condition

‘%wG++G)R:0. (4.14)

isB=ep+ %, which satisfies the weight one condition identically.
Consider the lowest space-time R-charge states. At e = +1, the vertex operator with
p = 0 saturates the bound § = % When p = —1 we get

R+ — e*¢/2+iH/27i{L" (415)

which is the supercharge ¢ .
Ate=—-1landp= % we find the supersymmetric partner R_ of the tachyon T

R — o~ ®/2—iH/2+(p+ir)/Q (4.16)
T_ and R_ are of course mutually local.

4.2.2 Closed superstring

We consider the Type IIB theory with the supercharges @, and @, from the holomor-
phic and anti-holomorphic sectors, respectively. In order to construct the N =2 d = 0
supersymmetric multiplet we use the results of the holomorphic sector from above.

The bosons of the closed string multiplet are the NS-NS operator T-7~ and the R-R
operator R_R_. The fermions are the R-NS and NS-R operators R_7T_ and T_R_. They
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are arranged in the supermultiplet

for a total of 2 & 2 degrees of freedom.

4.3 Pure spinor variables

The RNS superstring has four bosonic fields: z, ¢, 8 and v, and four fermionic fields: ,,
iy, b and c. In the following we will map them to four bosonic and four fermionic fields,
which will be the pure spinor superstring variables.

The fermionic variables are the dimension zero fermionic coordinates of the doubled

superspace (67, 9+) and their dimension one conjugate momenta (p4,p; )

py = bpes®tif—ic O+ = cge 30 H iz
pL = efédﬂr%HHx, g+ = ez¢—sH—in (4.17)
Note that (8%, p,) are BRST invariant while (67, p 1) are not BRST invariant.

These fermionic variables have the free field OPE’s

PO ~ 1, pi(BF(O) ~ 1, (118)

z

and all the other OPE’s vanish.
Consider next the bosonic variables. We construct a map analogous to the one we used

for the ten dimensional critical superstring in Section P.1|

n=e"Fpy, b=, (4.19)

b and n are the RNS fields and we introduced two new variables ¢ and &, which we will
relate to the pure spinor variables.
Their OPE’s are

R(z)k(0) ~ log z, (4.20)

and ¢(2)&(0) ~ 0. It can be easily verified that the OPE’s of ¢ and & with either the
fermionic momenta or the fermionic coordinates are all non-singular.
We can express (]3 and K via the RNS variables as

~ 9 3 3 1

3 ) ) 1
L2 H-Z v 4.22
i 4¢+4 ST+ R+ 5X (4.22)
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However, the OPE’s of x with the fermionic momenta and fermionic coordinates as
well as with ¢ and K are singular. In order to fix this, we shift the  coordinate and define

¥ =x+ip—H, (4.23)

whose OPE is
7'(2)2'(0) ~ —log z . (4.24)

Using these new variables the RNS energy-momentum tensor 1" = T, + Ty}, is mapped
to

T = —%(830)2 - %(83:')2 L P(p—id) —py 08T — 00T —
- %(&5)2 + %(8%)2 +0%(p+R). (4.25)

The pure spinor variable A™ and its conjugate momentum w, are recovered in terms
of ¢ and K as an ordinary beta gamma system

At = eftR , wy = O 4. (4.26)
Their OPE reads 1
w4 (2)AT(0) ~ = (4.27)

The pure spinor variable AT parameterizes the patch (A1 # 0, A= 0) of the complex
dimension one pure spinor space

ATAT =0. (4.28)

It will be a generic feature in all dimensions that the map takes the RNS variables to the
pure spinor variables on a patch of the pure spinor space.
The total central charge of the theory still vanishes

c=(1- 12){1/} +(1+ 12){({,} + (—2){p+9+} + (_2){146*} + (2){)\+w+} =0.

The pure spinor variables form a curved beta-gamma system. The pure spinor energy-
momentum tensor, that we get from 77 . on the patch is not simply Tix+ ., ) = wy ONT.
Rather, it has an additional term as in the critical superstring case

1
Tintwy) = wy O — 532 log 2, (4.29)

where Q = e 3(¢+F) — (AT)73. This arises from the top form on pure spinor space, which
reads on the patch (AT # 0, \T = 0)

At
(AT

Q) = (4.30)

Mapping the RNS saturation rule on the sphere to the pure spinor variables one gets a

requirement for an insertion of (A*)3, which is consistent with the measure corresponding to
the top form we obtained. This ghost number three insertion, required for a nonvanishing
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amplitude, will be the same in all different non-critical dimension and actually coincides
with the ten dimensional saturation rule, we derived in Section R.1|.

We can write the pure spinor stress tensor in a covariant way by
1 1
T = —5(&0)2 — 5(856)2 + 0*(p —iz) — prod’ +
1
+ wroA — 562 log Q(\) (4.31)

where I = +, 4, and we renamed 2’ as x for the simplicity of notation.

The matter part of this stress tensor can be derived from the pure spinor action

1
S —

2ma!

/sz (%83:53: + %8@5@ +p159[> - %/d2zr(2)(gp —iz), (4.32)

where the last term is the Fradkin—Tseytlin term that couples the space-time linear dilaton
to the worldsheet curvature. For the consistency of the FT term we have to compactify
the z direction on a circle of radius R = 2/Q), which in fact is the supersymmetric radius
we already know from RNS analysis. Note that the hermiticity property of the action and
the stress tensor implies that the hermiticity properties of the variables is not the naive

one [RF].

4.3.1 Supersymmetry structure

An important ingredient in the construction of the pure spinor non-critical superstring is
the supersymmetry algebra and the superspace structure. Let us construct the pure spinor
superstring. Recall that the map from the RNS variables to the pure spinor variables
imposed on us the introduction of an additional fermionic coordinate and its conjugate
momentum (67, p 1), which are not physical. The RNS OPE between the supercharges in
({-6) is mapped on the pure spinor side to
Q@ | 9p—1x)(0)

q+(2)q;(0) ~ o — (4.33)
where we denoted 2’ by z for simplicity of notation. The corresponding algebra of the
superderivatives has the opposite sign as usual

dy(2)d (0) ~ == — —F—. (4.34)
We introduce GS-like constraints that reproduce this algebra

dy = py — 26078(p —ix) + LQo0T,
dy = py —5010(p —iz) — 5Q007, (4.35)
where the crucial difference with respect to the flat background is the last term, propor-

tional to the background charge (). This term is responsible for the double pole in the
algebra, which signals the breaking of the two-dimensional flat supersymmetry algebra to
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the physical zero-dimensional supersymmetry algebra of the linear dilaton background. We
introduce the compact notation

1
d[ = Ppr — §T[JHJ6(<p — zx) + %qﬁ@", (4.36)
where I = 4+, +. The two dimensional matrices 775 = J} ; (the Pauli matrix) and €7y, the
usual antisymmetric tensor normalized as €, ; = 1, act in the following on the index I, by

which we denote the physical supercoordinates, I = +, and the unphysical ones, I = +.

4.3.2 Cohomology

An essential ingredient of the pure spinor formulation is the BRST operator, that in the
two dimensional background is

Qp = }’{ M, (4.37)

where I = 4, 4. In the critical superstring in flat ten dimensions, all the superderivatives
in the BRST charge Q = § A\*d,, are physical. The first issue that needs to be dealt with
in the linear dilaton background (and essentially in any case with reduced supersymmetry)
is whether to include in ({.37) only the physical superderivatives or also the unphysical
ones. The strategy we follow is to include always in the BRST operator all the d’s, in our
case both d; and d;, and compute the cohomology thereof. In a second step, since we are
interested in the space-time supersymmetry multiplets, we will consider only the part of
the cohomology that contains the variables that realize the supersymmetry current algebra,
in this case 7. This will reproduce the RNS computation of the short supermultiplets.
Recall that the full current algebra of the d’s is anomalous, i.e. it has a double pole in
the OPE between d; and dj: the non anomalous subalgebra is in fact the space-time
supersymmetry algebra, in our case the zero dimensional supersymmetry d2 = 0.

The two dimensional pure spinor constraint (.2§) is sufficient to prove the nilpotency
of the BRST charge Qp. Looking at the algebra ([.34) we see that Q% = 0, provided the

following conditions are satisfied
ATAT =0, axtat —ataaxt =o. (4.38)

The first condition is the pure spinor constraint itself. The derivative condition is a con-
sequence of the first condition. There are various ways to see this [6]. The simplest is to
expand the condition ATAT = 0 in modes

MAS =0, AAT+HATN =0, ... (4.39)

Then for a solution of the zero mode ASL # 0, the second equation implies )\ar)\ir = 0 and so
on. Hence, the derivatives separately vanish, ATOAT = 0. The same argument on the other
solution )\g # 0 implies that OATAT = 0. In particular, we see that the two derivative

terms in ([.3§) vanish separately and the BRST charge is nilpotent.”

" Another way to prove that the derivatives vanish separately is to use the Ward identities coming from
the Lorentz current and the ghost current OPE’s [@]
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To simplify the computation of the cohomology it is convenient to introduce the new
notation Z = ¢ + iz and Z = ¢ — iz with OPE

Z(2)Z(0) ~ —2log z,
so that the GS-like contraints read
dy =py — 0197 +Q00%,  dy =p;,

whose OPE is still (4.34). The physical states are the vertex operators at ghost number
one and weight zero, we find two different kinds of operators. The first is analogous to the
usual ten dimensional vertex operator. In general this contains the off-shell d dimensional
supergravity multiplet, even if in the particular d = 0 there are no such multiplets. The
second type is new and peculiar to the linear dilaton background. It contains what we
called the “gauge multiplet” in the rehearsal of the spectrum (B.1(), including the tachyon,
which in fact is the peculiarity of the linear dilaton background also in the RNS.

Usually in the pure spinor formalism, massless states are given by the zero weight ghost
number one vertex operator. Since the only worldsheet fields with weight zero are the zero
modes of the fields ¢, x and 67, this vertex operator has to be expressed by these alone
with a single power of A\ so that it be of ghost number one. Hence the vertex operator is
of the form

v =\ A(Z,67), (4.40)

where

A[(Z,QJ) :B[(Z)+9JC]J(Z)+916JD[JK(Z). (441)

Next we have to require that it be BRST closed when the pure spinor constraint At =0
is imposed but not solved. This leaves us with just

Ay = By +0%C,; —2i0"0%9,B, (4.42)

These superfields still have some gauge freedom given by zero weight ghost number one
() p-exact terms. Parameterizing the general weight zero ghost number zero gauge trans-

formation superfield as
QO=n+0e, +0Fe, +2001A (4.44)
so that
VO = QpOO =\t (g4 + 207Ny +2i070m — 2010 026, ) +
F AT (6 —201A, ), (4.45)
the gauge transformations of the components of the vertex operator are given by

B+—>B++§+, C++—>C+++2A+++22827’],
By = By +&, Cpp— 01 =204, (4.46)
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so that the entire vertex operator is pure gauge and this sector of the cohomology is trivial.

The second type of vertex operator is peculiar to the linear dilaton background. Due
to the term 9?Z appearing in the stress tensor ([E.31]), we see that the operator exp (—%)
has weight —1. We can obtain again a weight zero ghost number one operator by the
following procedure. Consider the weight one ghost number one operator, which in the ten
dimensional background corresponds to the first massive level [[LJ

UD = ON A + N 007 Bry + N d;Cf + N2 H + AT JFF + A TT R

TES 0 (447)

where Ay, Bry,Cy, H}’, Fy, for I,J = +,+, are generic superfields constructed with the 67
coordinates and J = wyA! is the pure spinor U(1) current. However now we restrict the
wavefunctions in these superfields to be e=4/@, so the total weight of the operator (E47)
is zero. The gauge invariance of this vertex operator is

UV = QpA©, (4.48)
where A© is a weight one, ghost number zero vertex operator constructed out of the
A = 807Q; + 0(¢ —ia) + prAl + T (4.49)

and again Q7, ', A, ® are generic superfields, whose wavefunctions are chosen to be e 419,
such that the total weight of A(®) vanishes. We postpone the details about the cohomology
computation to the appendix. The result is that the only operator that survives in the

cohomology is

U(l) — ()\-i—aewL)B_H_, D-i—B-H- =0. (4.50)

The chiral superfield B; | =T + 0T R contains 1 @ 1 states, T being a real boson and R
a Majorana-Weyl fermion. Since in the pure spinor formalism we do not have to worry
about GSO projections, the closed string spectrum is just given by the left-right producet
of the open string one

closed = open ® open ,

Therefore we find 2@ 2 states, reproducing the RNS result for the “gauge” supermultiplet.

4.3.3 Curved non-critical backgrounds

In this section we suggest a generalization of the linear dilaton action to a generic two
dimensional non-critical background with at most four real supercharges.

Even if the linear dilaton background has only zero dimensional supersymmetry, we
introduce the momenta that will be useful when generalizing the model to backgrounds
with extra supersymmetry

% = dp + %mefaeJ , % =0z — %mefaeJ : (4.51)

We have the following OPE’s

dr(2)11(0) ~ M, d (2)II*(0) ~ _;T11997(0)

; ; (4.52)
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The stress tensor ({.31]) can be cast in the following form

T = 000", + Le1,007007 — d196" + L0 (11 — 411%)
+wroN = $0%log Q(N), (4.53)
where I = +,+ and m = x, ¢ and we note the presence of the extra terms proportional to
@ = 2, which is a feature of the linear dilaton background. We would like to generalize the

two dimensional pure spinor action (f.33) to a generic curved two dimensional non-critical
background.® Consider the matter part of the action (E:39). By using the following identity

1 _ _ 1. - _ 1 _ _ _
§axmaxm +proo! = 5Hmnm + %q 7001907 — ikl 201 (02067 — 020967 +d;00", (4.54)

which in ten dimensions is usually referred to as Siegel’s trick [27], we can covariantize the
matter part of the type II action in linear dilaton background ({.39) in the following way

S = ko [ @2 ($Gun(V)OY MY + Bl (V)didY M + Bl (v)dov V)
— [ @zrPo(Y), (4.55)

where we introduced the curved supercoordinates Y M = (:cm;ﬂl,ﬂ_f). Note that m is a
curved two dimensional vector index, while I is a curved two dimensional spinor index.
The E]‘é[ are the zweibein superfields. We are following the notations of [14], in which the
critical pure spinor action was studied in a generic ten dimensional background. In the
linear dilaton case, the background superfields take the following values, the only surprise
being in the metric:

i) The zweibeins Ejé[ are the two dimensional flat ones.

i1) The dilaton superfield is linear & = %(gp —4zx) and the higher components of the
superfield vanish.?

i11) The metric Gy is constant. However in addition to the usual terms we have in
flat background, in the linear dilaton background we also have a flat spinorial part

Gry = Qery, (4.56)

which is proportional to the background charge ) = 2 and is responsible for the contri-
bution ;007007 to the stress tensor ([E53). We regard this as a specific feature of the
linear dilaton superspace structure in the pure spinor formalism. This explicitly breaks the
original SO(2) Lorentz invariance of the action, preserving the U(1), R symmetry.

It is suggestive to think of ({.5]) as the matter part of the non-critical pure spinor
action in a generic curved two dimensional background. It would be interesting to develop
further this suggestion, in particular to work out the coupling of the pure spinor action to
the curved background, in analogy to the critical case [[[4].

8In the non-critical string it is not clear whether the concept of a background makes sense. Since the
curvature is of the order of the string length, the classical supergravity approximation is not valid in general.

9The top form coupling to the worldsheet curvature (@) might be considered a component of the dilaton
along the pure spinor space as well.
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4.3.4 Anomalies

The pure spinor space
ATAT =0,

is a one-complex dimensional cone M with a conical singularity at A’ = 0,1 = +, 4. The
pure spinor A’ is a map from the worldsheet Riemann surface ¥ to the pure space M. A

way to eliminate the singularity is by deforming the equation to
AT =4, (4.57)

where p is a complex deformation parameter. The resulting (compact) space is the 2-sphere
CP'. However, since ¢;(CP') = 2, we cannot define the pure spinor system globally on
any Riemann surface ¥ except on the 2-torus, which is unacceptable if we wish to have a
complete definition of the superstring perturbation series.

Another way to eliminate the singularity is to remove the singular point. We get
a disconnected space, which is the disjoint union of C*. In this way, the anomalies are
avoided. As we discussed before, a similar phenomenon occurs is the critical superstring.
The difference is that while in the critical superstring case the removal of the origin still
gives a connected space, here the space has two disconnected components. Note that the
RNS non-critical superstring mapped to one patch of the space.

5. Four-dimensional superstrings

In this section we will construct the pure spinor superstring in the four-dimensional linear
dilaton background
RM x R, x U(1), .

The four-dimensional superstring has d + 1 = 3 noncompact directions (z!, 22, ) and the

compact U (1), direction z with radius R = 2/Q, where Q = /3 is the Liouville background
charge. The strategy will be similar to the two dimensional case.

5.1 Multiplet spectra: RNS analysis

In the following we will compute the spectrum of the RNS superstring in the four-dimen-
sional linear dilaton background. We look for the short multiplets of the space-time su-
persymmetry in the RY! directions. We follow closely the analysis of section [£.9, but
postpone the details of the computation to appendix [C.1. Here we briefly collect the re-
sults regarding the lowest lying operators, in particular the primaries of the worldsheet
N = 2 superconformal algebra at zero momentum in the transverse direction.

When d = 2n with odd n, the space-time supercharges are in the same SO(1,d — 1)
spinor representation. In this case the two physical supercharges are

Qi1 = §e 203U =5Qe,

Qo = §6—5¢—%(H—H1)+%Qx_ (5.1)
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They have the same SO(1,1);, Lorentz charge and 1 R-charge (B.§). Their OPE is

Q11(2)Q42(0) ~ e+ 0),
The other set of physical supercharges, which are nonlocal with respect to the ones above,
is

Q1= 3§67%¢+%(H*H1)*%Qm,

Qo=¢ o3¢ 5(H+H1)+5Qz (5.2)

They have opposite SO(1,1) chirality with respect to (p-1). In the type IIB superstring we
GSO project both holomorphic and antiholomorphic sector with the supercharges (5.1), in
the type IIA we project the antiholomorphic sector with (@) instead.

5.1.1 Holomorphic sector

NS sector

The tachyon is non-tachyonic but is massive. Its lowest lying modes are

Ty = ¢ ot Qlesio), (5.3)

and it is a worldsheet (anti)chiral primary Apaper(T4) = % = % annihilated by G,
with space-time R-charge R = :I:%. T, and T_ are not mutually local. However, we are
interested in the mutual locality only when matching holomorphic and antiholomorphic
sectors, so we will discuss locality only below.

The other NS operators are analogous to the “vectors” in the ten dimensional super-

string. Their lowest lying states with p = 8 = 0 are

Jt =0+ (5.4)

where p is an SO(1,1) Lorentz vector index. They are worldsheet N = 2 primaries (they
have only single poles with G*) and are not charged under U(1),.

R sector

The lowest lying components of the R vertex operators at zero momentum k, = 0 in
the transverse R1! directions are

1 i :
Riy = e~ 3t ts(H+H)—iGe

1y i (H_H)— gt L 1, i Q
Ry =e 20+ (H—H) 20T Q?, Rf+:€—§¢—%(H—H1)+25$,

1 i i 1
_ 29— s(H+H)+ 550450
R =€ 2 2 2Q Q ,

)

(5.5)

In the following table we write the R charge and supersymmetry transformations of these
vertex operators
U(l)r 0g., 0.
Ry, -1 o J+
R, 1 JE 0
R__ +1/3 T- 0
R, -1/3 0 T4
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In this way we can identify which supersymmetry multiplet they fall into. The last two
columns list the transformations of each R vertex operator, obtained by applying the

supercharges in (f.1).

5.1.2 Closed superstring

We match left and right vertex operators in IIB for concreteness, the antiholomorphic
sector being a copy of the holomorphic one we just described. In type IIB we have two-
dimensional N = (4,0) spacelike SUSY in the flat noncompact directions. Because of the
requirement of mutual locality of the vertex operators, the RNS spectrum is not just the
left right product of the holomorphic sector.

NS-NS sector
We have two lowest lying closed string tachyons
ToTy = ¢ ¢ PEQEta)t5(ete) (5.6)
with R-charges :I:%. The other NS-NS operators which are primary fields of the N = 2 are
GV — o~ = ki +iy

: (5.7)

which are neutral under U(1), .

R-R sector

We match the left and right R states given in (5.J). By imposing the mutual locality
condition we find that the lightest surviving R — R fields are the six operators

R R R Ryy,Re{R \,R{yR\,R__R R Ry . (5.8)

They are worldsheet N = 2 primaries as well.

R-NS and NS-R sectors

The fermions need not be primaries, because they are not supersymmetric deformations
of the dual space-time lagrangian and only some linear combination of fermions is a definite
component of a space-time short multiplet. In the following table we list the physical
fermions that belong to short multiplets

NS—RZ TLR**, TJFRJrf, JMRJFJF, J“R7+
(5.9)
R—NS . R,,T,, RJrfTJr, RJFJFJM, RerjM

We identify which multiplet each fermion sits in by looking at its supersymmetry variation,
when hit by the supercharges.

Summary: The four NS-NS operators GV, the first four R-R in (f.§) and the eight
fermions in the last two columns of (5.9) sit in a A" = (4,0) d = 2 off-shell supergravity
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multiplet, with a total of 16 = 8 @& 8 states. We plot this multiplet according to its
supersymmetry transformations as follows

JHRy 4, JFR_
) /e NG
R 4R R yR y G
RitR 4, RiyRiy
NQ B - /Q
Ry JW R, JW

where @ and @ represent the holomorphic and antiholomorphic supercharges. We then
find a gauge supermultiplet with 4 & 4 degrees of freedom, obtained as a combination of
two chiral multiplets, whose top components are the two tachyons. One multiplet is

-/ Ne
Ry R, _ T, T,
NG - a
R._T.

and analogously for the other one T_7T_,R__T_,T_R__,R__R__.
Collecting the results, we find the physical spectrum of 12 @ 12 operators in (8.10).

5.2 Pure spinor variables

The RNS superstring in the four dimensional linear dilaton background has two super-
charges both in the right moving and in the left moving sectors. Let us focus on the
holomorphic sector only. The closed superstring in this formalism will just be the left right
product of the two sectors, without the complications of the mutual locality conditions we
found in the RNS. We follow the same strategy discussed in section [L.J for the two dimen-
sional linear dilaton, but here we will introduce an additional ingredient, the flat Rb! part
of the space-time.

The physical RNS supercharges @41, Q2 are given in (p.J). As noted in [, there
exist other two additional supercharges

Qi = fezomathiihasar
Qip = fe 207 sIFI—5Q0 (5.10)
which survive GSO projection, are mutually local with respect to the physical ones (p.1)
and are conserved, i.e. they have at most double poles with the stress tensor. However,
they are not in the BRST cohomology, as they do not correspond to any physical space-time
symmetry. They play a key role in the construction of the covariant formalism.
As we will see, the RNS variables will be mapped into a patch of the pure spinor

space. The pure spinor degrees of freedom of the four-dimensional superstring are an
SO(1,3) Dirac spinor A, A = 1,...,4 satisfying the conditions

AN =0, (5.11)
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where I'"" are the 4 x 4 four-dimensional Dirac matrices. To perform the map it is most
convenient to solve the pure spinor constraint by breaking SO(1, 3) to U(2) and decompose
the Dirac spinor as a (A, A% A\y), namely a singlet, a two component vector and a one
component antisymmetric irreducible representations, for the details see the Appendix.
The pure spinor conditions become

AN =0, ApA®=0. (5.12)

They can be solved by going to the patch where A\* = 0, so we are left with (A, Ag).1°

Let us consider the four RNS supercharges, both physical (b.1) and unphysical ones
(-10). We take Q2 in the —i—% picture and all the others in the —% picture and we recast
them in the a U(2) notation: Q11 = Q4, (Q42,Q11) = Qa, Q15 = Q%. We define

o+ = cte 29 —3(H=Qw) ) _ ppede+iHits(H—Qa) (5.13)
9 = e3¢F5(HI-H)=3Qz ) _ —3¢+35(Hi-H)+3Qz (5.14)
By = hOHEHIHE(HIQ)  pab _ (5= i - (H+Qa) (5.15)

where the 6’s are the conjugate variables to the p’s. The OPE of the first three conjugate
pairs correspond to free fields

1

b
P ~ e (0 ) %

EEmL (5.16)

where a,b = 1,2 and all the others vanishing. However, the OPE of p® and 6, have poles
with all the others, so we drop these two components. We will recover them later as a
BRST quartet. ! The way to map the bosonized RNS variables to the pure spinors is to
use the U(2) singlet p, in the —}—% picture and set

¢+f€, b

n = pte = p+€%(¢_k). (517)

The bosons ¢ and & satisfy the OPE’s (f.20). We redefine # — 2’ to have the correct free
field OPE’s among our new variables

¥ = % (¢ — Q(Hy + H — id)) . (5.18)

The total RNS stress tensor is mapped to
T+ Tyn = =3 et (021)? = §(02)% = §(99) + $0(p — i)
—p400F — pa86° — 1(99)? + 0%¢ + L(9k)? + 0%k, (5.19)

10 Another way to write the patch is to parameterize the pure spinor degrees of freedom as the Weyl and
anti-Weyl spinors (A*, \*) with the pure spinor constraints )\aa;”ﬁ-)\ﬁ = 0. Since o™ is a complete basis in
the space of two-dimensional bispinors, the pure spinor condition becomes simply A*A% = 0. In fact, we
can identify the two parametrizations by noting that A* = A*, A* = (), Aap), so the patch A\* = 0 reads
A% = 0. In the following we will map the RNS theory to this patch.

" Note that while (47, p4) and (', p1) are BRST invariant, the remaining (6%, p2) are used in order to
enlarge the superspace structure but are not physical. We will recover the appropriate physical superspace
when discussing the pure spinor global symmetries.
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The second step is to use the ¢, % as the ordinary bosonization of a B, system of
weight (1,0) as in ([.26), representing now the U(2) singlet components of the pure spinor
and its conjugate momentum as in (p.19).

If we take a closer look at the stress tensor for the bosonized pure spinors é, K we see
that the same story as in two dimensions is repeated. There is a mismatch between the
stress tensor we get from the map from the RNS and the naive stress tensor w49\ one
would expect for the free beta-gamma system. This is the contribution coming from the
coupling of the top form on the pure spinor manifold 2()\) to the worldsheet curvature
(B.4). We find again that the pure spinor stress tensor we get from the map is (f£29) and
the top form is ([.3(). Due to the coupling (R.6) of the top form to the action, we need
three powers of A* in the saturation rule to get a nonvanishing amplitude.

The total central charge of the system still vanishes

c=(=2)p,0+ + (—Dpase + (2arer + (1 +12) + (1 = 12)0r + (2)ur = 0. (5.20)

In four dimensions there is a new feature with respect to the two-dimensional case. We
need to add a topological quartet with central charge ¢ = 0 to reconstruct the target space
structure on the pure spinor side. We add a fermionic be system of weight one (p®, 6,)
and a bosonic 3y system of weight one with the same quantum numbers (W, Ag).

We suitably modify the currents of the twisted N = 2 by adding a term that depends
on the quartet. In this way we can recast the stress tensor (b.19) in the following covariant
way

Q
2
FwrdN — %32 log Q). (5.21)

T = (@) — S (00 — 5 (0) + S0 — ia') — pri00"

The index I = 4, 4, where I = + corresponds to the physical superspace coordinates and
conjugate momenta and I = + represents the variables of the enlarged superspace. The
index I keeps track of the SO(1,1) Lorentz spinor chirality, namely I = + is —i—% Lorentz
charge and I = + is —%; the index 7 = 1,2 labels two different spinors with the same
chiralities. Note that we do not have any spinor index in the game since all the spinors are
in the Majorana Weyl representation. Moreover, we reconstructed the full pure spinor A’

The matter part of this stress tensor can be derived from the pure spinor action

1 1 = 1. - 1. - _
S = / d*z (5336“336”77,“, + 5020% + 5000p + p1i89”>

2l
Q
2

P 2r® (o —ix), (5.22)

where the last term is the Fradkin—Tseytlin term that couples the space-time linear dilaton
o = —%(gp —ix) to the worldsheet curvature (we denoted 2’ by x). For the consistency of
the FT term we have to compactify the x direction on a circle of radius R = 2/@Q, which
in fact is the supersymmetric radius we already know from RNS analysis.

Mapping the RNS saturation rule on the sphere to the pure spinor variables one gets a
requirement for an insertion of )\i, which is consistent with the measure corresponding to
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the top form we obtained. Finally, the ghost current on the patch'? Jgn = —0p + WPy
can be written coviariantly as
Jon = wp\". (5.23)

5.2.1 Supersymmetry structure

When constructing the map from the RNS to the pure spinors, we doubled the super-
space. Namely, we supplement the physical supercharges 11, Q2 with two additional
supercharges @, Q)5 that are not BRST invariant, thus not physical, although they are
conserved. We proceed as in the two dimensional case by looking at the algebra we get
from the RNS. Since the RNS supersymmetry algebra closes up to picture changing, we
take the supercharge Q2 in (5.1) in the —}—% picture

Gio = bye3 ¢T3+ 3(H-QD) 4 (g 4 jgy)esd—3Hi+3H-5Qu |

+0(p + iw + iQH)e2?t a3 H—5Qr (5.24)
and the other three in the —% picture. The OPE’s between them are

011(2)q12(0)  ~ L0(x1 +ix2)(0),
¢12(2)411(0) ~ & + 10(p + iz + iQH)(0) (5.25)

and q42(2)q;y ~ reg. If we map this algebra to the pure spinor variables we find that the
first equation remains unchanged, while the second reads

+2(2)q11(0) ~ & +10(p — ix)(0), (5.26)

where we denoted x’ by z for simplicity of notation. As usual, the algebra is realized on
the superderivatives with opposite signs.
With these variables we construct the following GS-like constraints

1 ; . i . i
drj = prj — inj (61J9J18(3:1 +ixg) + 7150”7 d(p —ix) — Qe ;007 ) , (5.27)

where 7 is the ! Pauli matrix and €7 is the antisymmetric matrix. The GS-like constraints
are similar to the d = 0 case ([1.3(), except for the new term proportional to 477, which
realizes the d = 2 space-time supersymmetry. The notations are explained in (p.21)). These
constraints reproduce the algebra we mapped from the RNS superderivatives (given by the
supercurrent algebra ) but with the opposite signs)
€rsQ o1y . TIJ .

d[i(z)djj(()) ~ —Tl'jz—Q - Tij78($1 + ZCEQ)(O) - 7'@»78(@ - m)(O) (528)
Let us briefly discuss this algebra. The second term tells us that the physical di1, dys
close on the space-time SO(1,1) holomorphic translation generator, exactly reproducing

12YWe obtain this current by mapping the RNS ghost current, adding to it the contribution of the quartet
and adding the term fg(aqb — Ok), which does not alter the anomalies nor the ghost number but might be
useful for the Lorentz properties.
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the RNS supersymmetry. The two unphysical superderivatives d; |, d;, close on the same
translation generator. However, the two physical and unphysical superderivatives have a
double pole in their OPE, proportional to the Liouville background charge (). Therefore
the non anomalous worldsheet current algebra realizes N' = (2,0) supersymmetry in two
dimensions. In the closed type IIB theory we get just the left right product of the two
sectors, realizing N = (4,0) two dimensional supersymmetry, as we expect from the RNS
analysis.

Let us recall the space-time symmetries. In each of the two sectors, the expecta-
tion value of the dilaton and the compactification of z on a circle break the four dimen-
sional Lorentz symmetry with four supercharges to two real supersymmetries and a bosonic
SO(1,1) x (U(1) x Z3) z. Under the bosonic SO(1,1) xU(1), symmetry the d’s are charged
according to

0

)
=
=

-
—
g

div +3 +1
dio  +3 -1 (5.29)
di, —% +1
dipg  —3  —1

The physical worldsheet holomorphic current algebra realizes space-time N = (2,0) super-
symmetry in two dimensions

d11(2)d+2(0) ~ — . (5.30)

When acting on superfields depending on the field zero modes only, the dj; looks like a
superderivative

_ 4 1 _ .
dh-(z)@(Z, T1,T2, 912)(0) ~ ——D[i(I)(Z, T1,T9, 911)(0) (531)
z
where
Dy = Ogri + T,‘j(5]]ax1_im2 + TIJaz) s (5'32)
and the notations is the same as in the two dimensional case Z = ¢ + iz, Z = ¢ — ix.

5.2.2 Cohomology

The pure spinor BRST charge in the four-dimensional non-critical string is

Qp = %Alidu, (5.33)

where the GS-like constraints dy; in the linear dilaton background are defined in (5.27).
As discussed in section [.3.9, we included all the physical as well as the unphysical d’s in
the BRST charge. We will compute the cohomology in two steps. First we compute the
cohomology of Qg in the enlarged superspace containing all the #¢, then we restrict to the
part of the cohomology that contains the variables that realize the supersymmetry current
algebra, namely the 7%

,35,



Let us discuss the nilpotency of the BRST charge @Qp. The four-dimensional pure
spinor constraint (f.11]) can be recast according to the notation of the linear dilaton back-

ground in the form®

i MIATT =0, (5.34)

for I,J = ++ and i,j = 1,2. Due to the OPE (.2§), the nilpotency of the BRST charge
requires the following conditions

i oM =0, NI =0, (5.35)

which are implied by the pure spinor condition (§.34). Due to the double pole in (5.2§),
however, we have an additional derivative constraint

ergTiONAT = 0. (5.36)

One can show that the pure spinor condition (p.34) implies that both Tij)\+i3)\+j and
Tl-jﬁ)\+i)\+j vanish separately. The way to prove it is analogous to the d = 0 case we
discussed in (f1.39), by looking at the mode expansion of the pure spinor constraint (f.34)
or alternatively by analyzing the OPE’s involving the Lorentz generator and the ghost
current , .

Let us compute the cohomology now. As discussed in the two-dimensional case, there
are two different kinds of vertex operators at ghost number one and weight zero. The first
one is

VO = NCAL(Z, 0T . (5.37)

Whereas in the previous case ({.4() we found that this operator was exact (there is no
gravity in d = 0), now we will find an off-shell two dimensional supergravity multiplet.
Imposing that V is BRST closed on the pure spinor condition (f.34), we get

D1 Ay =0, D2A52)=0, (5.38)
where Dy; is defined in (f.33). Due to the algebra
{D11,Dj1} =0={Ds2, D2}, (5.39)

we can solve these two equations by choosing A;; = DB and A = DpC, for two
generic superfields B and C. Let us take equivalently a linear combination B = M + N
and C = M — N, so that A;; = Djy(M + N) and Ao = Dyo(M — N). Now we require
that this vertex operator is not BRST exact, that is we mod out by the following gauge
invariance

VW = Q0 (5.40)

where Q(O)(Z ,z#,01%) is a generic ghost number zero and weight zero superfield. If we
choose Q) = — M, we are left with

A =DpnN, A= —DpaN, (5.41)

13 The constraint AT 5 5 = 0 can be written in flat Weyl notation as A*A%= 0 where A* = (A%, 9.
Then we identify the flat Weyl indices with our linear dilaton quantum numbers as Ii = +1 — a = 1,
Ii=+l—-a=2Tli=+4+2—>a=1and Ii = +2 - a= 2.
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for a generic superfield N. It is easy to see that the degrees of freedom encoded in V are
4@4, which is the result of [R9, Rd].'* Since we are interested in the SO(1, 1) supersymmetry
multiplet, we have to eliminate the g+ components in the vertex operator, keeping only
the 61, the latter entering in the holomorphic space-time ' = (2,0) current algebra. The
physical states in the holomorphic sector consist finally of 2 @ 2 degrees of freedom of an
off-shell SO(1,1) vector supermultiplet.

We are interested in the closed string spectrum, which is the tensor product of the
holomorphic and antiholomophic sectors. The cohomology computation of the closed string

vertex operator

V(l’l) = )\Iij\JjAh',Jj(Zax‘u,eli’H_Kk)a (542)

where the A\ and # are the antiholomorphic variables, gives a total of 8 @ 8 degrees of
freedom, that fit into an N' = (4,0) d = 2 supergravity multiplet, reproducing the RNS
computation.

The second type of vertex operator is the generalization of the two-dimensional one
that we introduced in (:47). This accounts for the gauge multiplet, which is the other
character in the cohomology of the linear dilaton superstring. In this case the computation
of the cohomology is more tedious, and we present the details in appendix D. After taking
into account the equations of motion modulo the gauge symmetries and projecting to the
physical supercoordinates 61%, the vertex operator for this gauge supermultiplet in the

holomorphic sector is

Ul = \ipg+iD T (01, (5.43)

where the wavefunctions of the superfields T} are given by e~%/?, by which we get a weight
zero vertex operator. To compare this vertex operator to the RNS, we need to take into
account the structure of the pure spinor space. The four-dimensional pure spinor space
;A\ = 0 is the union of two disconnected patches and our vertex operator (b.4d)
is defined globally on the two patches exchanged by A! < A2, The RNS formalism is
mapped onto just one of the two patches, let us choose the A'? # 0 patch. In order to
compare the RNS cohomology with the pure spinor result, we will consider one of the two
disconnected patches, so the tachyon supermultiplet on the patch A2 # 0 has the form

U = 200Dy, T (61,61, (5.44)

containing 2 ® 2 degrees of freedom. In the closed string, we have to take the product of
the holomorphic and antiholomorphic vertex operators. Since we are comparing the pure
spinor computation with the RNS cohomology at zero momentum, we need to mod out by
the center of the space-time symmetries SO(1,1) x U(1), X Zg, which is just the Zo, so
that we recover the closed superstring 4 & 4 supermultiplet of (B.10).

Let us make a few comments. In the two-dimensional case, the gauge supermulti-
plet ([.50) was the only physical multiplet present in the second type vertex operator at

1 This is done most quickly in the notations in the previous footnote, by which A;; = A, and A = A-a.
If we introduce the supercurvature Fap = D4 Ap), for A,B = («, &) then () is equivalent to the
following conditions on the curvature F,og = F;ﬁ- = F,; = 0, which are the usual superspace constraints
defining the A/ = 1 off-shell vector multiplet in four dimensions.
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ghost number one and weight zero. This is in agreement with the known fact that in
the two-dimensional non-critical superstrings in the linear dilaton background the tower
of “massive” string states is absent. In the present four-dimensional case, however, this
second type of vertex operator contains other physical states in addition to the gauge su-
permultiplet which we just described. These additional states are some of the tower of
higher states in the cohomology of the superstring, which we expect to be present.'® The
study of the higher states in the superstring cohomology might be interesting by itself.

5.2.3 Curved non-critical backgrounds

We follow the discussion in section and suggest a generalization of the non-critical
pure spinors to generic four dimensional curved backgrounds with at most eight real su-
percharges.

Even if the linear dilaton has only flat two dimensional supersymmetry, we introduce
now the momenta I, for m = 1,2, p, x, that will be useful when casting the theory in a
background with twice as many supersymmetries

1 A A ; A A
W' = Ou' + 50,707 0077, T = 02 + So1,7,0" 0077,
1 4 . ; 4 .

¥ = 9y + §TIJTij91269J], II* = 9z — %TIJTiJ-HIZ(?HJ]. (5.45)

They satisfy the following algebra

17 (2)TI™ (0) ~ _”Z—T, (5.46)
a1 0) ~ 2T 9973(0), ag (2)11%(0) ~ 12T 9973 0)
A(P(0) ~ "8 06%9(0), dis(T (0) ~ @aaﬁ (0) (5.47)
The stress tensor (5.21]) can be cast in the form
T = — 30", — 007 + Leg 73500710077 + LO(I1¢ — i117)
+wpdM —19%1og Q(N) . (5.48)

Note the presence of the extra terms proportional to @ = /3, which is a feature of the
linear dilaton background. Similarly, we can write the action in these variables, which
correspond to the supervielbeins of the general four-dimensional pure spinor superstring
backgrounds

S = g [ = (3Gun(YV)OYMOYN + By (Y)dadY M + Eqiy(Y)dadY ™)
— [ &P e(Y), (5.49)

15We would not call these higher states massive, since, as we explained in section E, in the linear dilaton
background the space-time supermultiplets are off-shell, in the sense that we do not have any dispersion
relation.
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where we introduced the curved supercoordinates YM = (x™; 04, éﬁ) and m is a curved four
dimensional vector index, while A = («, &) is a curved four dimensional Dirac spinor index;
the relation between A and Ii is explained in the appendix. The variables without bars are
in the holomorphic sector, the hatted ones are in the antiholomorphic sector. The E’s are
the vierbein superfields. The whole story is a generalization of the two dimensional case. In
the linear dilaton case, the background superfields take the following values. The vierbeins
E’s are the four dimensional flat ones. The dilaton superfield is linear ® = %(gp — ix).
The metric Gasn is constant, however in addition to the usual terms appropriate for a flat

background, we have a flat spinorial part as well

=iQo?. | (5.50)

aa

Goo=1Q0>, | G ..
which is proportional to the background charge Q = /3 and is responsible for the contri-
bution Qeunjaﬂliaﬂ‘” to the stress tensor (f.53). We regard this as a specific feature of
the linear dilaton superspace structure in the pure spinor formalism. This explicitly breaks
the parent SO(1,3) Lorentz invariance of the action down to SO(2), preserving the U(1),
R symmetry.

It is suggestive to think of (f.49) as the matter part of the non-critical pure spinor
action in a generic curved four dimensional background. We will discuss the non-critical
AdSy example in section .

5.2.4 Anomalies

The pure spinor degrees of freedom in the Weyl notations are (A%, A*) with the conditions
Y =0.

These complexified equations define a two-complex dimensional space with a conical sin-
gularity at \* = A% = 0.

As in the two-dimensional space, deforming this set of four complex equations results
in a space whose first Chern class is nonvanishing, leading to an anomalous theory. Again,
we can eliminate the singularity by removing the singular point. We get a disconnected
space, which is the disjoint union of C* x C'*’s. In this way, the anomalies are avoided and

as in the two-dimensional case the resulting space is disconnected.

6. Six-dimensional superstrings

In this section we discuss the six dimensional non-critical superstring in the linear dilaton
background

RY x Ry, x U(1), -

We will closely follow the analysis in the previous Sections on d = 0 and d = 2, so we will
skip some details. The flat R coordinates are #, while z is compactified on a circle of
radius 2/Q, the Liouville background charge is Q@ = v/2 and we have d = 2n = 4.
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6.1 Multiplet spectra: RNS analysis

The space-time supercharges have different chiralities of the Lorentz group SO(1,3). There
are sixteen candidates for the supercharges. They form two groups of eight mutually local
physical operators. One such group is given by (in the —% picture)

_ e—%¢+i(H1—H2—H+Qm)/2 : _ e—%¢+i(—H1+H2—H+Qm)/2

qd+1 q+2
q,i = o3 HI(H +H? +H-Qx)/2 G5 = o~ 5¢+i(-H'—H*+H-Qx)/2

)

) )

(6.1)

Defining 01 = 1, 09 = 7, 03 = i13 and 04 = 79, where the 7s are the Pauli matrices, we
can rewrite the above OPE’s in the concise form
t1a(2)0:00) ~ —=iae U (0). (62)
The other set of supercharges g_q,q_;, which are physical but nonlocal with respect to
(6-7) is listed in the Appendix. We will choose the gy set in the holomorphic sector. The
choice of the g4 set in the antiholomorphic sector as well defines type IIB superstring. The
other choice of the g_ set in the antiholomorphic sector defines the type ITA superstring.
In both cases we realize N’ = 2 space-time supersymmetry in the flat SO(1,3) directions.
In the following we will stick to the type IIB case.
Let us collect the short space-time supermultiplets of the type IIB superstring. The

details of the computations are listed in the Appendix.

6.1.1 Holomorphic sector

The holomorphic sector is obtained by requiring mutual locality with the supercharges
G+a and g4¢4. This will serve as a building block for the closed superstring states we will
consider in the next section.

The first NS state at zero transverse momentum is the tachyon whose two lowest lying

states are ) A
T:I: — @€_¢+6(¢i2$) , (63)

which carry R-charges +1. The factor of ¢ in front of the vertex operator comes from the
requirement of non-normalizability and is specific to d + 2 = 6.
At the next level there are the NS vectors. The zero momentum states are

J, = e oxH" (6.4)

We now turn to the Ramond sector. We use Polchinski’s notation («, F') [BJ], where
« is the space-time fermion index and F' is the worldsheet spinor index, and denote the R

operators by RY. The zero momentum R states with F' = 1 are
R-li-—H- — o ¢/2Hi(H+H +H?)/2—iz/Q , R1__+ _ 6—¢/2+i(—H+H1_H2)/2+ix/Q,
R1,+, — o 9/2—i(H+H'-H?)/2—iz/Q 7 R}r,, _ ef¢/27i(fH+H1+H2)/2+i:v/Q :

(6.5)
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that are the four physical supercharges (f.1)).'® According to the supersymmetry algebra
(6.2), they are mapped to the four NS states in (f.4), schematically 6susyR1 = J. The
Q

F = 0 states with zero momentum and zero R-charge have 8 = % so we have to pick the

non-normalizable vertex operators:
RO, = @em¢/2iHAHHY)240/Q | RO | = (o= ¢/2Hi(HTH —H)/2+0/Q
RO, = pe#2-i-HAH!=H)[240/Q = RO — (o= ¢/2-iHTH!+H?)/24¢/Q
(6.6)

These four operators'” are mapped by the supercharges into the tachyon (6.3), schemati-

cally QuR) .. =T* and Q,R% .. =T".

6.1.2 Closed superstring

The closed superstring spectrum is obtained as the product of holomorphic and antiholo-
morphic vertex operators subject to level matching and mutual locality conditions. We
want the Type IIB spectrum here, so the GSO projection in the antiholomorphic sector is
the same as in the holomorphic one.

The allowed combinations are

T*7*, R°T*, T*R°, R°R°, G, = J,.J,, J,R', R'J, ,R'R".

These degrees of freedom can be arranged in supermultiplets as follows. The super-
gravity multiplet can be depicted as

RYJ,
7Q e
G R'R!
No e
J, R

It contains 32 @ 32 states and is off-shell because for the zero-momentum case the transver-
sality condition does not impose any restriction on the sign of H’.

Then we have the supermultiplet in which the tachyon sits, which is an off-shell N =
2 SO(1,3) gauge multiplet. Since we are working at zero momentum in the SO(1,3)
directions, we have to mod out the vertex operators by the center of the group, namely we
identify R?L Lo~ RS]F, 4 and R?L NI RS]F,,. Then we can depict the multiplet as

RO T+

Nea .
TTRY .

1511 terms of a full SO(6) spinor representation, these R states have an odd number of 4-’s and correspond
toade SU(4) ~ SO(6).

1n terms of a full SO(6) spinor representation, these R states have an even number of +’s and correspond
toade SU(4) ~ SO(6).
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The full supermultiplet consists of other three parts, which are generated by acting with
Q; and Qd on R® RY and Roi ) ~R9F~-' In total we have 8 @ 8 states, which represent an
off-shell N' =2 SO(1, 3) supercurrent.

6.2 Pure spinor variables

The RNS bosonic space-time coordinates are x, ¢, z*. We proceed as above to map the
RNS to a patch of the pure spinor space. The first step is to realize, following [[] that
there exist another set of four supercharges, which we denote by ¢, and ¢, which are
mutually local with respect to the ones in (B.I]), are conserved, but not BRST invariant.
Their explicit form is given in the Appendix.

The six dimensional pure spinor consists of two complex Weyl spinors )\f, fori=1,2,
in the 4 of SU(4) = SO(6). The pure spinor constraint is written using the 4 x4 off-diagonal
antisymmetric Pauli matrices of the six dimensional Dirac matrices as ¥/ )\f‘UZLB)\f =0. In
terms of U(3) representations, that we will conveniently use in the map, each pure spinor
splits into a singlet and a vector )\;4 = ()\;L, A¢), for a = 1,2, 3, and we can rewrite the pure
spinor constraint as

EINTAY =0, eace AN =0 (6.7)

We refer to the appendix for the relations between all the different spinor representations.
+

Working in the patch )\f =% 0 we can solve the pure spinor constraint as A\ = i—i)\‘f and

see that a pure spinor in six dimensions has five independent components [@] We map
the RNS variables to this patch of the pure spinor space. However, since the map is quite
similar to the case d = 2 in section .9, we present the details in the Appendix. Here we
only quote the results.

The RNS stress tensor, with the appropriate addition of a ¢ = 0 quartet, is mapped
to the following pure spinor stress tensor

T = —302r0x" ., — $(0¢p)? — L(02')? + %32@ —iz’)

—p[aaela — p1d891a+ w[aa)\la + wlda)\la — %62 log Q2 , (6.8)
where I = +,+ and I = + stands for the physical supercoordinates, while I = + denotes
the unphysical ones. The indices (a, &) refer to the Weyl and anti-Weyl spinor indices of
SO(1,3) Lorentz symmetry. 2 is the holomorphic top form on the pure spinor space, on

the patch A\*1 £ 0 it reads .
Q=3 (6.9)

The six dimensional pure spinor constraint, written according to the space-time
SO(1,3) Lorentz symmetry, reads

spaaexTa—
err€apN NP =0, (6.10)
euebﬂ)\lé‘)\m =0,
Mapping the RNS saturation rule for the amplitudes on the sphere to the pure spinor

variables one gets a requirement for an insertion of (A*)3, which is consistent with the
measure corresponding to the top form we obtained.
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6.2.1 Supersymmetry algebra

We consider just the holomorphic sector in the following. In the RNS formalism we have
eight conserved supercurrents, out of which only four are physical. We want to find their
algebra. As above we take ¢ in the —i—% picture and all the rest in the —% picture and
compute their OPE’s. If we take these OPE’s and map them to the pure spinor variables,
we find the following algebra

1 m
4ra(2)21a(0) ~ 207505 (0), 41a(2)a1a(0) ~ SousDrm(0),

1al2)015(0) ~ 2+ 220(p — i2)(0), q24(2)0:5(0) ~ 52 + P~ ia)(0),
(6.11)

and qraqis ~ 0, ¢1aqi, ~ 0. We see that the same story follows as in the d = 0 and
d = 2 cases. There are two sets of supercharges, the physical (+) and the unphysical (+)
ones, which separately close on a flat four dimensional supersymmetry algebra. However,
the cross OPE’s between the physical and the unphysical sets have an anomalous double
pole. This means that the non anomalous current algebra realizes the SO(1,3) space-time
supersymietry.

We want to construct GS-like constraints that reproduce the algebra (B.11]) with op-
posite overall signs, as usual. They are the direct generalization of the four dimensional

ones in (f.27)

m

|
NN

~~
=

F(O)(0mb7)a — SeaplTrs07P0(p — iz) — €1,Q0077),
O)(070m) s, — easlr1s0770(p — ix) — €1,Q0077),
(6.12)

dia = pra — 30170

m

dro= pro— 301700z

where we introduced the notation f™(0) = 65 (9670™67 — 616™90”), to save space. We
are using the two by two Pauli matrices 7™ of the SO(1, 3) Lorentz group. The d’s realize
the ¢’s algebra (p.11]) we obtained from the RNS map, but with opposite signs

eaﬁQ . UZL;IHm(O)

EOC .
dra(2)d;:(0) ~ —€rg 2 51JT - TIJ760(¢> —iz)(0), (6.13)

and all the others vanish.
Let us discuss the space-time symmetries. To identify the quantum numbers of the

superderivates, we refer to their RNS origin.

SO(1,3) x U(1),
d+Oé (%70) +1
dio (03 41 (6.14)
dJ‘ra (%70) -1
dig  (0,3) -1

In the RNS description, even if all the d’s are conserved currents, only half of them are
actually physical. In the pure spinor, due to the double pole in the OPE’s (p.13), the
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worldsheet current algebra only realizes N = 1 supersymmetry in four dimensions in the
holomorphic sector. The physical supersymmetry is the one generated by

()

dia(2)d5(0) ~ ——28——, (6.15)

The closed superstring will realize N' = 2 four dimensional supersymmetry.

6.2.2 Cohomology

The pure spinor BRST charge in the six dimensional non-critical superstring is
Q= 7§ (Mg + M), (6.16)

where the GS-like constraint in the linear dilaton background are (f.19). The strategy to
compute the cohomology will be the same as in the previous cases. First we compute the
cohomology in the enlarged superspace, containing all the 8/¢ and 6! .0‘, then we will restrict
to the physical ones 6T, that enter in the supersymmetry current algebra, and drop the
0.

Due to the OPE’s (p.13), the nilpotency of the BRST charge requires the following
conditions on the pure spinors

ST =, (6.17)
eap A TN e A TN =0, (6.18)
€ap(OATONHT — NHaAH0) e (OATOATE — ATagaHE) = o, (6.19)

The first two conditions are directly implied by the pure spinor constraint (6.1(). The
last derivative condition is implied by the pure spinor constraint as well. To show this, we
derive the Ward Identities as in [[3, R] and we prove that the derivative constraints (f.19)
are implied by the other constraints.

It will be convenient to use an SU(4) notation for the six dimensional spinors, see the
appendix for the details. We start by noting that the product of two pure spinors )\f, that
belong to (4,2) representation of SU(4) x SO(2), can be decomposed into representations
(10,3) @ (10,1) @ (6,3) @ (6,1). Moreover, since the pure spinors are commuting variables
only the representations (10,3) & (6,1) survive. The vector representation of SO(6) is
present only in (6,1) and it gives the correct pure spinor constraint. The latter can be
written as follows

AT =0,

i, =1,2, (6.20)
since for (6,3) is automatically satisfied.'® It implies that )\gA(?)\f] €9 =0, and we will use

the Ward Identities to prove also )\[?8)\5} = 0.

8Tn the four dimensional case (d = 2 in our notations), we have the pure spinor constraints AT\ = 0
where m = 1,...,4, but, due to the commuting nature of \’s, also the constraint A" I"°X = 0 is trivially
satisfied. From the first constraint, it follows that A"\ = 0. In addition from the Ward Identities one
can prove that Ay"+°9A =0 @]
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The pure spinor constraints (6.1() imply the gauge invariance of the conjugated vari-
ables dwy; = AABeij)\Bj (where Aap) € (6,0) is the gauge parameter) and it can be
shown that the only gauge invariant combinations are J;;) = %(UJA@')\;‘ + wAj)\Z-A) and
J B = wai PP (notice that they are in the representations (0,3), (15,0) @ (1,0), where the
trace of the second operator is the ghost charge). Following [[[3, Rf], using the free OPE’s
for the pure spinor and their conjugates, one finds

1
. ANkB . . ByANC
T AN s =2 TP = (6.21)

/
- % (A;“@A,B — e AONEB — \AONE 4+ Af@A{‘) .

Antisymmetrizing over the indices A and B and using (6.20) (which implies also that

: JéB)\jA] ... := 0 under the normal ordering sign) one can conclude that )\EA(?)\? = 0 for
any %,j. In particular we get AE?(?)\;B;] = 0 which is a stronger version of the derivative

constraints (6.19).

Let us now look at the cohomology. Following the strategy of the previous d = 0 and
d = 2 cases, there will be two kinds of vertex operators contributing to the lowest lying
cohomology at ghost number one. The first kind is the usual weight zero operator

UD = NA1 (Z,2",0) + N OA,.(Z, 2", 0). (6.22)

We are not presenting the details of the computation, which are not very illuminating,
but just state the results. Imposing that

QU =0, UM =Qpn®, (6.23)

gives 8 @ 8 states, whose superfields depend both on the physical #* and the unphysical
o+, By considering only the operators that belong to the physical supersymmetry current
algebra (p.15), namely the ones containing only 6%, we get 4 @ 4 states. The closed string
spectrum is given by the product of the holomorphic and antiholomorphic vertex operators
and at the end of the day we get 32 & 32 states which arrange in the NV = 2 off-shell
four—dimensional supergravity multiplet, which reproduces the RNS computation.

The second kind of vertex operator is the one in which the massless tachyon sits. This
is the six-dimensional generalization of the massive vertex operator that we used for two-
dimensional and four-dimensional superstrings. We leave the details of this computations
for a future analysis.

6.2.3 Curved non-critical backgrounds

We follow the discussion in section and suggest a generalization of the non-critical
pure spinors to generic six dimensional curved backgrounds with at most sixteen real su-
percharges. The computations are very similar, so we just present the covariantized linear

9The cohomology computation for the vertex operators () is totally analogous to the flat six dimen-
sional case considered in @, @]
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dilaton action for the matter part

S = g [ 2 (J6un(VOY MOV + B (Y)diadY ™ + B (v)d, 307 )
— [P oY), (6.24)

where we introduced the curved six dimensional supercoordinates Y™ = (xm;é?m,ém).
Note that m is a curved six dimensional vector index, while A is a curved six dimensional
Weyl index and ¢ = 1,2 enumerates different Weyl spinors. The E’s are the vielbein
superfields. In the linear dilaton case, the background superfields take the following values:
the supervielbeins are the six dimensional flat ones, the dilaton superfield is linear ® =
%(gp —ix), the metric Gy is constant, but in addition to the usual flat components we
have a new flat spinorial part, whose nonvanishing components in four dimensional Weyl

notations are

Gra,08 = —Qe€rs€0p, Grogs= —Qerseyg,
o JB o

—Qerje:, (6.25)

Gragp= —Qerrcas  Gpp= B

which is proportional to the background charge Q = /2. We regard this as a specific feature
of the linear dilaton superspace structure in the pure spinor formalism. This explicitly
breaks the original SO(6) Lorentz invariance of the action to SO(4), while preserving the
U(1); R symmetry.

It is suggestive to think of (5.24) as the matter part of the non-critical pure spinor
action in a generic curved six dimensional background.

6.2.4 Anomalies

The pure spinor degrees of freedom are two Weyl spinors and anti Weyl spinors (A/®, A1),
for I = 4,4+ with the condition

5IJ)\104)\J.04 — 07
erreapN NP =0, (6.26)
euede)\m‘)\m =0,

These six equations define a five dimensional space with a conical singularity at M@ =
Mé& =0 VI, o, & Again, we expect that the correct way to cure the singularity is by just
removing it. We leave for the future the proof that this procedure yields a pure spinor
space with vanishing first Chern class and first Pontryagin class. This pure spinor space is
different from the two and four-dimensional cases we discussed above, in that the manifold
we obtain after the removal of the singularity at the origin is still connected. This resembles
the critical ten-dimensional pure spinor space structure.

7. The pure spinor measure

In this section we will comment on the computation of tree level string theory amplitudes in
the non-critical pure spinor formalism. In this formalism, a crucial issue in the evaluation
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of string amplitudes is to construct a proper prescription for the integration of the zero
modes of the pure spinor variables. In ten dimensions, this prescription was introduced by
Berkovits in [[j] and further discussed in [BI]]. However, in the case of lower dimensional
pure spinor theories [R9, B, it is not yet clear how to define this prescription for the zero
mode integration measure. In the following, we will present such a prescription in the case
of the non-critical type II superstrings.

Before proceeding, let us make some comments on the interpretation of our integration
measure. In the linear dilaton background, which is the main subject of this paper, the
string perturbation theory is not well defined, due to the strong coupling regime. Therefore,
the linear dilaton prescription that we will discuss only makes sense once we properly define
the calculation in the strong coupling regime, for instance by introducing the Liouville
interaction, or by replacing the (2/, ) part of the space with a cigar CFT. On the other
hand, just as the flat ten-dimensional prescription is the starting point for generalization
to curved backgrounds, we expect this lower dimensional prescription to be useful to study
non-critical superstrings on other curved backgrounds in which string perturbation theory
is well defined.

In the RNS formalism, the zero mode prescription for the ghosts in a tree level ampli-
tude is dictated by

(cOcO?ce™2%e9%) = 1.

We would like to obtain the analogous prescription in the pure spinor variables for non-
critical superstrings. The simplest way to do that is to use the maps from the RNS
variables to the pure spinor variables in various dimensions. Doing that we obtain a
generic saturation rule (A\39%/2e@(#=2)) wwhere d is the number of flat directions in which

the supersymmetry is realized, that we can list explicitely

<>\3962(Lp7ix)>d:0’ <>\392e\/§(4p7i:v)>d:2 <>\3936\/§(4p7im)>d:4 , (71)

where z denotes z’ for simplicity of notation. The e9(#~) term is required to soak up the
background charge ). Also we see that we need three ghost number one vertex operators
for a nonvanishing tree level amplitude.

Consider next a definition analgous to the pure spinor measure for the critical super-
strings [B1]. Let us recall first the critical case. The ghost number anomaly reads

Qqn
Jgn(2)T(0) ~ Z—g +...,
with Q = —8. The generic pure spinor measure is d''\ as the pure spinor space is eleven-
dimensional. One writes this measure as
d\ = [DA]X?,

where [DJ] is a Lorentz invariant measure with ghost charge —Qg, = 8, and we are left
with three additional factors of .

Consider now the measure for the superspace variables 6%. In ten dimensions we have
16 supercharges, therefore the integration measure is d'®9. We need to insert as many
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picture changing operators Y = C,0%0(C,A*) as the number of independent components
of the pure spinor A%, where C, are irrelevant constant spinors [B1]. There are eleven
picture changing insertions, one for each of the eleven components of the pure spinor, and
since every PCO Y carries a factor of 6, we are left with

d'oy't  ~ d'%00"'s''(\) ~ d°05"(N).
In this way we get that the tree level pure spinor measure is defined by (\36%) =1 :
d" A0~ [DA_q, Nd0 = (X0°) =1

Consider next the non-critical superstrings. The number of pure spinor degrees of
freedom and the ghost number anomaly in the various non-critical dimensions d + 2 is

d=0 d=
dimg(M) 1 2
Qgn 2 1

Following the critical superstrings case, we propose that we can write the pure spinor

2 d=4
5
—2

integration measure as

d=20 d=2 d=4
measure  d\ = [DA] 2\ @2\ = [DN_12%  d\ = [DA]p)\3
Consider now the integration over the superspace coordinates 6. As we noted before,
in the pure spinor superstring (as well as in the hybrid formalism [[]), the number of

fermionic coordinates is doubled with respect to the RNS formalism. Thus, we get the
following integration over the superspace

d=0 d=2 d=4
superspace d’6 d*6 dse

Now we have to insert in the amplitude as many picture changing operators Y = C05(C\)
as the number of independent components of the pure spinor, and since each PCO carries
a factor of 6 we get

0: d20Y = d%005()\) = dos(\),
2: d*oY? = d*090%52(\) = d%06%()), (7.2)
4: dBoY> = d®90°5°(\) = d®05°(\),

d
d
d

We see that in this way we reobtain the same prescription for the pure spinors and 0’s in
tree level amplitudes as the one obtained by the direct map (7.1]) from the RNS measure.

8. Curved backgrounds

As we noted in the introduction, due to the presence of a cosmological constant type
term which vanishes only for d = 10, the low energy approximation F < ;! is not valid
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for non-critical superstrings. Indeed, the higher order curvature terms (lgR)n cannot be
discarded.

One may write an action for the lightest fields (which are always massive), whose
bosonic part takes the form

§— 1 /d%@ <e2‘1’ <R+ 4(89)% + 10-d_ LH2> - LF,%) . (8.1)
a .

2k3

where we have not included the “non-tachyonic” tachyon field. Of course, solutions to the
field equations will have string scale curvature.
An interesting class of backgrounds of type ITA non-critical superstrings are AdSy
spaces with a constant dilaton e?® = % and a d-form RR field F}
I2F7 = 2(10 — d)d!N? . (8.2)

The background has a string scale scalar curvature (2R = d — 10. While this backgrounds
cannot be studied via supergravity, it can be studied in our pure spinor formalism. Let us
sketch some of the details.

As we have seen in the previous sections, a basic feature of the pure spinor formalism
is a doubling of the superspace. This we did by enlarging the linear dilaton superspace
structure to include BRST non-invariant superspace coordinates and their conjugate mo-
menta. In the linear dilaton background, working in a doubled superspace in the pure
spinor variables required an appropriate projection to the physical superspace. However,
the doubled superspace allows us to study pure spinor superstrings in backgrounds with
twice as many supersymmetries as in the linear dilaton background.

For instance, the non-critical superstring on AdSy with N, units of RR four form flux
F} is obtained from the supercoset

0Sp(2]4)
SO(1,3) x SO(2)

(8.3)

and has eight real supercharges, which is precisely the content of the doubled super-
space in the non-critical superstring on the four-dimensional linear dilaton background
RLT x Ry, x U(1),. The supercharges are Majorana spinors Q¢, I = 1,2, a = 1,...,4.
We can decompose the Majorana index « into two Weyl indices a,a and we identify the
supercharges Q%, Q% with the left moving sector charges and Q%, Q% with those of the
right-moving sector. The symmetry SO(2) acts as the R-symmetry on the space.

The OSp(2|4) left invariant 1-form is expanded in the basis of generators of the su-
pergroup (following Metsaev and Tseytlin [B2]) as L, P* + Ly, J* + LiyAY + LLQ%. The
pure spinors action then consists of three terms

Sps = SGS + Sn + Sgh,

where the first term is the k-symmetric GS action [J]

Sas = / dQZnuuL'uI/V +/ dsyGIJLuL3(757u)aﬁL§’ (8'4)
= M3
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where ¥ = 0M3 and we work in the conformal gauge on the worldsheet. The second term
is

SH::jécﬁz(éﬁ<+¢éijnLg<+(5ﬁ<—¢ijLnLg-+qRRd;fﬁaﬁdﬁﬂV$ (8.5)

It contains the kinetic term for the fermions (recall that the first line does not give a good
kinetic term for the 6’s because of the k-symmetry) and the coupling with the RR field.
The RR 4-form of the AdS,; background produces a bispinor of the form 51']'75 g,p UFWPU
which can be written as 5ij’ygﬁqRR, where qrr = "P? F},, ;5 is the constant flux.

The third term in the action

Soh = fig @22 (89 + i€ )wiDX2 + (59 — i€V} DagON
—i—NMVl_-/uV =+ Nijl_;ij =+ NMVL‘LW + NijLij
+N,ul/Npa(_477M[pna}y) + Niijlni[knl]ja (86)

contains the free action for the pure spinor ghost fields and the interaction with the Lorentz
generators of SO(1,3) and of SO(2) and in the last line the coupling with the Riemann
tensor is also described. The value of the Riemann tensor is easily given by the fact that
the background is coset manifold.

The BRST operator reads

Q:/@Qw@, (8.7)

where the eight pure spinor variables A} satisfy the pure spinor conditions () we used
in the description of the four-dimensional linear dilaton background, both in the left and
in the right moving sectors. The d’s are the ones computed from the action (B.4).

One needs to show that the BRST operator is conserved and nilpotent on the four-
dimensional pure spinor constraints and that this sigma model on AdS, is a consistent
string theory background at all orders in the worldsheet perturbation theory, along the
lines of ). A complete analysis of non-critical superstrings on AdS; will appear in a
future publication.

9. Discussion and open problems

In the paper we presented a pure spinor formalism to describe non-critical superstrings.
We explicitly constructed the pure spinor description of the non-critical superstrings in a
linear dilaton background, which can be further used to study more general backgrounds.
We have shown that, by mapping the bosonic and fermionic linear dilaton RNS variables
to pure spinor variables, we get a description of a patch of the pure spinor space. A basic
requirement of the map is a doubling of the superspace. We achieved this by enlarging the
linear dilaton superspace structure to include superspace coordinates and their conjugate
momenta, which are not BRST invariant on the RNS side, although they are conserved.
Working in a doubled superspace in the pure spinor variables required an appropriate
projection to the physical superspace.

We consider the doubled superspace as a feature, since it allows us to study pure spinor
superstrings in backgrounds with twice as many supersymmetries as the linear dilaton ones.
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As a concrete example we presented the action for the type IIA non-critical superstring on
AdS4 with RR four form flux, described by the supercoset

0Sp(2]4)/(S0O(1,3) x SO(2)),

that has eight real supercharges, which is double the supersymmetry of the non-critical
superstring on the linear dilaton background RY! x R, x U(1),. We leave for a future work
the proof of the consistency of this background, along the lines of [[], and the study of its
spectrum and its holographic interpretation. We just point out that this formulation of
the non-critical superstring raises the possibility of addressing a new class of non-critical
holographic backgrounds, such as the ones proposed by Polyakov [, which up to now have
not been accessible to worldsheet tools.

It would also be interesting to consider also the non-critical pure spinor superstring on
the eight-dimensional linear dilaton background

RY x Ry, x U(1),.

The construction of the worldsheet pure spinor formulation can be repeated along the lines
of the lower dimensional cases and we expect it to be straightforward.

The realization of the pure spinor variables (A%, w,) as a beta-gamma system living
on a curved pure spinor space has important consequences. This has been discussed in
[ B. By using a field redefinition from RNS to pure spinor variables, we confirmed
this ten-dimensional analysis, by computing the modifications of the stress tensor due to
the holomorphic top form on the pure spinor space, as well as saturation rules for tree
level correlators. We then extended this map to the non-critical pure spinor spaces and
analyzed the global obstructions to define the pure spinor system on the worldsheet and
on space-time, reflected by quantum anomalies in the worldsheet and pure spinor space
holomorphic diffeomorphisms. The non-critical pure spinor spaces have a singularity at
A% = 0. Removing the origin left a non-anomalous theory. However, for non-critical
superstrings in two and four dimensions, this resulted in a disconnected pure spinor space.

There are various other open issues that deserve further study. We have not performed
a complete analysis of the BRST cohomology in the pure spinor formalism. In the ten-
dimensional case, the argument for the equivalence between the RNS and pure spinor
cohomologies used in an essential way a similarity transformation [[L5]. It would be of
importance to find such similarity transformations in the various non-critical dimensions
as well. A direct map of the RNS unintegrated vertex operators V reveals the interesting
structure

V ~ APy(0,00,...)P,(p,0p, ...) ,

with the P’s being some polynomials and RNS GSO projection being implemented auto-
matically. However, for most vertex operators the direct map does not give the pure spinor
vertex operators in the simple form expected. Here we expect to see again the importance
of the similarity transformation.

In the two-dimensional superstrings, there is a special set of operators in the BRST

cohomology at spin zero and ghost number zero, known as the ground ring [B3, B3]. In
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the pure spinor formulation of two-dimensional type II non-critical string, as discussed in
section [i, the cohomology at ghost number zero and weight zero is not empty: it contains
several operators constructed as explained in ([.49). It would be interesting to explore this
further.

Another issue is the removal of the pure spinor constraints [B4]. It has been shown in
in [BY] that removing the pure spinor constraint might lead to an infinite tower of ghost-for-
ghosts, and it seems that, except a finite number of them, the rest of the ghost-for-ghosts
are the same in all dimensions (see [Bd]). It would be interesting to see if the removal of
the pure spinor constraint in lower dimensions leads to the same ghost-for-ghosts and what
are the differences.

A crucial issue that requires further study is the projection from the doubled superspace
to the physical linear dilaton superspace. We expect this to be of much importance also
for the study of pure spinor critical superstrings on backgrounds with less than maximal
supersymmetry. Indeed, a similar lack of understanding exists for instance when trying
to study pure spinor superstrings compactified on Calabi-Yau manifolds.?’ A possible
way to gain insight into this problem would be to consider the ten-dimensional pure spinor
superstring on R x R*/Z, and understand how the twisted states arise in the cohomology
computation.

Finally, we note that we discussed in this paper only the non-normalizable vertex
operators. It is clearly of importance to analyze the normalizable vertex operators in the

pure spinor formalism 2.
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A. Notations

In this appendix we summarize for the convenience of the reader the notations that we use
in the construction of the non-critical pure spinor superstrings on RM4—1 x Ry, x U(1),.
There are three relevant groups : The Lorentz SO(1,d — 1) group of symmetries of
1,d—1 : 1,d+1 d+2
RL4=1 the SO(d + 2) group of symmetries of Rb4+! and U(442).
The target space coordinates are denoted by

2™ m=0,...,d—1,z,, (d+2)— dimensional vector

(A1)

zH, w=0,....,d—1, flat d — dimensional vector

20In appendix E we present an example of a possible way to perform a projection. However, this is not
the linear dilaton background case.
21For a recent analysis of normalizable states in the linear dilaton background see [@]
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We denote by I, m =1,...,d + 2, the (d 4+ 2)-dimensional Dirac matrices.
In order to describe the doubling of superspace we introduce an index I = +, + that
keeps track of the physical and unphysical fermionic coordinates

7 —|— physic.al superspace, (A.2)
+ unphysical superspace.

Consider next the different cases.
Ry x U(1),

The two-dimensional superstring has no spacetime Lorentz symmetry, that is d = 0.
The only index is 1.

RU X R, x U(1),

The four-dimensional superstring has an SO(1,1) Lorentz symmetry, that is d = 2.
The fermionic coordinates we that we use in the pure spinor formulation are four Majorana-
Weyl spinors #¢. The two physical fermionic coordinates, I = +, i = 1,2, have the same
chirality. The two unphysical supercoordinates, I = +, i = 1,2, have the same chirality,
but opposite to that of the physical ones. Therefore, in this case the index I = +, + takes
care of the spinor chirality as well.

In the text we passed from this SO(1,1) notation to the SO(4) notation. In the SO(4)
notation we reshuffle the fermionic coordinates into a Dirac spinor 84, A = 1,...,4, that
splits into a pair of Weyl and anti-Weyl spinors: #% in the (2,0) € SO(4) and 6% in the
(0,2) € SO(4).22 The mapping of the indices goes as follows

(I,i)=(+,1) —=a=1, ([,i)=H,2)—a=1,

(I,i)=(+1)—=a=2, (I,i)=+,2) = a=2. (4.3)

Finally, in the map from the RNS we used the U(2) notations, where an SO(4) Dirac spinor
(A%, )\‘3‘) decomposes into (AT, A%, \yp) of U(2), where a = 1,2 and ), is the antisymmetric
representation with only one component. The relation between this and the Weyl notation
is

A=A A= (AT, Ay). (A.4)

The four-dimensional pure spinor constraint can be cast in the following different ways

SO4): MIMAB = xexe=0,
U2):  ATA*=0, ApA*=0, (A.5)
SO(1,1) : i AINTT = 0.

R x Ry, x U(1),

The six-dimensional superstring has an SO(1,3) Lorentz symmetry, that is d = 4.
The fermionic coordinates that we use in the pure spinor formulation are two copies of four

228ince a Weyl spinor is complex, to recover the correct degrees of freedom this has to be understood in
the closed string picture.
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dimensional Dirac spinors (A/®, A ‘3‘), for I = +, +. The two physical fermionic coordinates,
I = +, are a Weyl AT and an anti-Weyl At spinor. The same applies for the two
unphysical supercoordinates, At and Ate

In the text we pass from this SO(1,3) notation to the space SO(6) = SU(4) notation.
In the SU(4) notation we reshuffle the fermionic coordinates into two Weyl spinors )\ZA in
the 4 € SU(4), for A=1,...,4 and i = 1,2. Here the index i simply enumerates different
SU(4) Weyl spinors with the same chirality. The mapping of the indices goes as follows

M= (Feate = (e xte), (A.6)

The reason for this is the match of their R-charge, as shown in ([6.14)).

Finally, in the map from the RNS we use the U(3) notations. First, in the pure spinor
formulation we use two Weyl spinors )\f of SU(4) that decompose into U (3) representations
according to A = (A, A%), for i = 1,2, where AT is a U(3) singlet and A* is a U(3) vector.

We can fit the SO(1, 3) spinors into these U(3) representations as follows

(AN €U®): MoOAL a2 A A7)
(Ao ATy € §O(1,3):  AFE AT AF2 )\ '
(Af.08)  €U®): NMoA o8 A (A8)

(At A ) € §O(1,3) : AH a2\ '

There is a little abuse of notation here: the 4+ denotes the singlet representations of U(3),
while on the SO(1,3) it denotes the I = + physical superspace.
The six-dimensional pure spinor constraint can be cast in the following ways

U(3): eij)\;-")\? =0, e.abceij)\?)\? =0,
SO(1,3) : ST =0,
eUeag)\Io‘)\Jﬁ =0,
E[JE&\B)\IEX)\JB =0.

(A.9)

B. Non-critical RNS superstrings

In this appendix we collect the RNS notations in d = 2n flat dimensions (corresponding to
a 2n + 2 dimensional background).

B.1 The matter system

The matter stress energy tensor of the system reads
T = Zz’ll <_ %(63:“)2 _ %7/)“67[)“) _ %(63:)2 _ %wwa¢x +
~3(09)* + HH*p — Jd (B.1)

The OPE’s conventions that we will be using are

2(2)29(0) ~ —nlog 2, (2)p(0) ~ — log 2, (B2)
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)~ i) ~ L ®3)

z

—r2/2 0

S+ 2)em0), T()e(0) ~ (=

s(s —Zgz(n))ﬂ N g)ew(o)- (B.4)

T(z)e"™(0) ~ (

z

We define ¥ = ¢y + i¢p and W' = )7 4 iop!+" (with I = 1,...,n). These are bosonized
in the usual way by introducing the bosonic fields H, H:

T = V2eil | gl — V2eiH! :
ool = 2i0H, WUl =29H", (B.5)

where { denotes Hermitian conjugation in field space without interchanging left- and right-
movers: U = —iapy, U =l — i We have

HY(2)H? (0) ~ —=6"1logz, H(2)H(0) ~ —log z. (B.6)

. @ 4l ign .
We define the spin fields ¥F = e*2/ and ¢ = etz +F2H" where the index a runs over

the independent spinor representation of SO(2n).

B.2 The ghost system

We have a fermionic (b, ¢) ghost system of weights (2, —1) and a bosonic (3,7) ghost system

of weights (%, —%) The OPE’s and stress-energy tensor are
1 1
e(2)b(0) ~ T, A(2)(0) ~ <. B.7)
1
Tahost = —2b0c — Obc — ;Bafy - 5867, (B.8)

Let us bosonize the ghost systems. We define

c=eX, b=eX, (B.9)
with ) .

The =Ty = 5(0)" + 50", (B.10)
x(2)x(0) ~ log z, (B.11)

a ala—3)/2 0\ ,
T (2)e™ (0) ~ <7Z2 n ;)e X(0) . (B.12)

For the superghosts, we have
v =en, B =0te? (B.13)
1

Toy =Ty + Ty = —5(09)" = 0"¢ —nd¢, (B.14)
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$(2)p(0) ~ —logz,  n(2)§(0) ~ —,

T, (2)e? (0) ~ (w + Q)ebd)(()).

We further bosonize the fermions into

and

B.3 Supersymmetry
B.3.1 The N = 2 superconformal algebra

In addition to (B.1]) the N = 2 superconformal algebra includes the supercurrents

Gt = LN pltg(a] + izt + yig ©+ix) — @aqﬁ,
ﬂ; ( ) 7 ( ) 7
G~ = %Z\Illa(xl — izl 4+ %@3(@ —ix) — Z—\/Qia\p,
I=1

and the U(1) current

R 1
_ - ol . Zgt ;
J—2I§_1\I/ v +2\IJ\IJ+ZQ8$.
In terms of the fermion bosonization these currents take the form

n
Gt =iy e MOt +iat) +iem M (p + iz +iQH)
=1

G~ = ZZ eiHIB(xI — iz’ 4t 9o — iz — iQH),
=1

J=—iy 0H"—idH +iQdx.
I=1
B.3.2 The twisted N = 2 algebra

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

Out of the matter and ghost superconformal generators we can construct a twisted ¢ = 2

N = 2 superconformal algebra whose generators are

3 1
Gt =G + c(Tm — 5B0v = 5708 - bac) — 7% + 8% + 8(ckn),
G~ = b, J =cb+ ng, T = Tinatter + Tghost )

(B.27)

where G, = G4 + G_ is the sum of the two matter supercurrents. The dimension one
current G’ is the BRST current of the RNS superstring and J’ is the ghost current.
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C. The RNS spectra

In this appendix we show the details of the computation of the spectrum in the RNS
formalism on linear dilaton backgrounds. We are interested just in operators that do not
break space-time supersymmetry. These are the primary operators of the worldsheet N = 2
superconformal algebra.

C.1 d=2

Let us discuss the spectrum on RU xRy, x U(1),. First we consider the holomorphic sector
and then we match holomorphic and antiholomorphic sectors to get the closed superstring,
for the type IIB case.

C.1.1 Holomorphic sector

NS sector

The tachyon vertex operator in the —1 picture is

T — e—¢+ikum#+ipar+ﬁgo7 (Cl)
and the GSO projection requires Qp € 2Z + 1. The condition A(T) = 1 reads

Qo, », @
E—-p-= -1=0 C.2
. — (B 5 ) +p°+ 1 ) (C.2)
and the lowest lying state has p = ié. The operator

Ty = ¢ ot Qlesio), (C.3)

is a worldsheet (anti)chiral primary Apgser(Th) = 2 = % annihilated by G*, with space-
time R-charge R = i%. It turns out that T} and 7T_ are not mutually local. However, we
are interested in the mutual locality only when matching holomorphic and antiholomorphic
sectors, so we will discuss locality only below.
The other NS operators are analogous to the “vectors” in the ten dimensional super-
string
JE = em9EHtikuat +ipetBe

JH — ef¢>iH1+ik#m#+ipz+ﬁtp’ (04)

where p is an SO(1,1) Lorentz vector index. The GSO projection requires Qp € 27Z, and
A =1 gives ki +p% — (B —Q/2)? + Q%/4 = 0. The lowest lying states with p = 3 = 0 are
JH = e~9*H1 in particular they are worldsheet N = 2 primaries (they have only single
poles with G*) and are not charged under U(1),.

R sector

The operators in the Ramond sector are

R= 6—%+%5H+%elH1+ikﬂx“+ipa:+ﬁgo, (C5)
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where €,¢; = +1. The GSO projection requires Qp € 2Z + % for € = ¢¢ = +1 and
Qp € 2Z — $ for € = —¢; = £1. The A(R) = 1 condition fixes ki +p*—(B—-Q/2)% =0.
Then we need to impose the Dirac equation ([l.14), which fixes separately for each direction
the sign of the momentum according to the sign of the corresponding spin component. In
the (z!,2?)-plane we find ik; = e1ko, while in the (z,p)-plane we have 8 = Q/2 + ep.
The last condition, together with the Seiberg bound 5 < /2, imposes a restriction on the
allowed momenta in the x direction. Introducing the notation R.., we find

Ry = e 30t s(H+H)Fikuet —ipet(§—ple ) S@n+3)>0,
R = e_%¢_%(H+H1)+ikux#+ipx+(%_p)¢7 p= %(Qn + %) >0,
Ry = e—%(IH—%(H—H1)+ikﬂx“—ipx+(%—p)<ﬂ’ p= %(271 +3) >0,
R, — e 30— $(H-H) vk tiprt(§-p)e ) — L(9y 4 3) >0, (C.6)

and we note that the R__ operator is non local with respect to ([C.1)). We are interested
in the lowest lying components of the R vertex operators at zero momentum k£, = 0 in the

transverse RU! directions, which are listed in the main text in (f.5).

C.1.2 Closed superstring

We match left and right vertex operators in IIB for concreteness, the antiholomorphic
sector being a copy of the holomorphic one we just described. In type IIB we have two
dimensional N = (4,0) spacelike SUSY in the flat noncompact directions. Because of the
requirement of mutual locality of the vertex operators, the spectrum is not just the left
right product of the sectors. Let us denote each vertex operators in the left sector by
(o, F), where « is the space-time fermion index, 0 in the NS and 1 in the R and F is
the worldsheet spinor index, given by the sum of the picture plus the eigenvalues of the
Lorentz Cartan generators.?? In addition we have the momentum n and winding w in the
compact = direction. A closed string vertex operator is denoted by (o, F, &, F) and (n,w).
Following [B0, [[§], the mutual locality condition reads

_ _ 1
Fooy — Flag — Fiag + Fhay + 5(041042 — 541542) + 2(71111)2 + ngwl) € 27. (C?)

The total U(1) R charge of a closed string vertex operator is the sum of the left and right
charges. We are again interested in the short space-time N = (4,0) supermultiplets.
NS-NS sector

The tachyon, denoted by («a, F,a, F') = (0,—1,0, —1), has momenta py, g = é(n:l:%”) €
L(2Z 4+ 1) and the A = 1 condition gives

Q
2

Q|

kn—(B—5)+(5)+ (5 )P +=--1=0. (C.8)

Qs

The lowest lying tachyons are (b.6).

BE.g. the vertex e 20t H-5H1 hag F = —-1/241/2—-1/2 = —-1/2. F is defined only modulo 2.
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The other NS-NS operators with (0,0,0,0) are the left right product of the states in
(o)

_ —¢—¢tiHAiH+ikyah +i iDRT
Gy = e 9—¢FiH+iHtikyal+ipLao+ipra+fe

Gus = e—qb—é:l:iHl:I:iH—f—ikux“—l—ipLx—i—ipRa’c—i—Bcp,
G:I:u — 67¢>743iiHiiﬁ1+ik#x”+ipL:v+ipR:i+6<p7

G = e~ ¢—9+iH1+il 1 +ikya +ipLa+ipRE+Se (C.9)

where p1,v = 1,2 are SO(1,1), Lorentz vector indices, the momenta are py r € %2Z and

we introduced the notation J.J = G. The mass shell condition is ki + (%)2 + (%)2 — (8-
Q/2)? + Q?/4 = 0. The mutual locality condition between the NSNS states is given by
niws + nowy € Z. We are interested in the lowest lying states among ([C.4) that belong to
a short space-time multiplet. At zero momentum in the transverse directions we find (f.7).

The windings and momenta can be non integer. Indeed, they may not have an inter-
pretation in terms of actual windings and momenta in the x direction, but are just a useful

notation for simplifying the mutual locality computation.

R-R, R—NS and NS-R sectors

The matching of the lowest lying operators in these sectors has been shown in the main
text.

C2d=1

Here we discuss some details of the SO(1,3) spectrum of the six dimensional superstring.

First let us collect the second set of physical supercharges, which are nonlocal with respect
to the ones in (B.1])

_ e—§¢+i(H1—H2+H—Qx)/2 7 _ e—%¢+i(—H1+H2+H—Qm)/2

qd-1
q_4

q—2
q_s

)

_ ef%¢>+i(H1+H27H+Qx)/2 _ ef%¢+i(fH17H27H+Qm)/2
, .

(C.10)

The choice of ¢4 in the holomorphic sector and g_ in the antiholomorphic defines the type
IIA superstring. However, we will stick to the type IIB case.

C.2.1 Holomorphic sector
The first NS state is the tachyon whose vertex operator is

Tp _ e—¢+ikuar“+ipm+ﬁso ] (Cll)

From requiring it to be of weight A(7T") = 1 we obtain the condition

kukt +p* = B(3 - Q) =1, (C.12)

and mutual locality with the chosen set of supercharges requires pQQ € 2Z + 1. It is a
primary field and for it to be a chiral primary of the N = 2 SCA it must satisfy

kil = —’ikig, k?g = —’HC4, p= B, (C13)
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while the same relations with opposite signs will give an anti-chiral primary.

Restricting to k, = 0 states with the lowest R-charge we have 3 = % and p = :I:%.

(3 saturates the Seiberg bound 3 < % [B4], the vertex operator ([C.11) is normalizable and
does not represent a microscopic state and we have to replace it with the non-normalizable

state2*
Tp — gpefdﬂrik#:v”JripzwLﬁlp ) (014)

Note that the lowest lying mode of this vertex operator has 8 = p, so that the condition
A(T) =1 gives kzi = 0. This is different from the d = 2 case: there, with respect to the flat
SO(1,1) momenta, the tachyon was off-shell with a continuous mass above a gap. Here,
the tachyon is again off-shell, but now the lowest value for the mass is zero. The tachyon
being massless is a specific feature of the d = 4 case. The two lowest lying such tachyons
are given in ([.3).

At the next level there are the NS vectors with one NS oscillator excitation given by

Ju = g~ ¢icH! ik +ipe+fe (C.15)
with the A(J) =1 condition

kb + > — BB - Q) = 0. (C.16)

Mutual locality with the supercharges requires that pQ € 27Z. In order for the vertex
operator to represent a physical state the momentum must satisfy k; = —iekio which is
nothing more than the transversality condition. The zero momentum states are given in
(6.4). The vector polarized in the pa-plane is

Ju = e~ i vikuoh tiput B (C.17)

with the same conditions for having weight one and being mutually local with the super-
charges and 0 = ep + Q). From these requirements and the bound § < % it follows that
such states always have momentum in R"3 so they do not appear in the zero momentum
cohomology.

We now turn to the Ramond sector. The R ground state is of the form

R= e—¢/2+i(elH1+52H2+5H)/2+ipa:+ﬁgo ’ (C.18)
2
where £, k* + p? = <B — %) . The F' =1 states are mutually local with the supercharges

for pQ) € 27 + 1 while for the F' = 0 states the  momentum is pQ) € 2Z. From the Dirac
equation one obtains

k1= —ierks, ko= —iecky, [B=ep+ % . (Clg)

The zero momentum R states with F' = 1 are given in ([.5) and the ones with F' = 0 are
in (E9).

24We can understand the appearance of the factor ¢ in () by the fact that this is the non-normalizable
solution of the Laplace equation in six dimensions.
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C.2.2 Closed superstring

The closed superstring operators are obtained as the product of holomorphic and anti-
holomorphic vertex operators subject to level matching and mutual locality conditions.
Using the same convention («, F, @, F) as in the previous sections [@], the mutual locality
condition reads now

Fiay — Fhag — Fldg + ngl + ajoag — a1 + 2(n1w2 + ngwl) € 27. (020)

The level matching Ly = I~/0 requires

~2 2

N-N=2 ;p : (C.21)

and since we only consider the lowest R-charge states the range of z-momenta is p = 0, ié.

The zero momentum supermultiplets are quoted in the main text.

D. Pure spinor cohomology

D.1 d = 0 gauge supermultiplet

In this appendix we show how the supermultiplet which the tachyon sits in is obtained
from the pure spinor cohomology as in ({.50). In order to simplify the notations we define
the complex coordinates Z = ¢ + iz and Z = ¢ — iz such that Z(2)Z(0) ~ —2log z. We
will also use a parametrization of the d; in which

dy =py — 0107 + Q0% , di=p,. (D.1)

In order to prevent confusion with the background charge, we will denote the BRST oper-
ator by Qp = f)\ldj.

The tachyon appears from what would naively be the first level of massive states, i.e.
the weight one ghost number one vertex operator

UD = ON A + N 007 By + N d;Cf + N2 Hp + XY IR + A TJTFF

+7 44 (D-2)

where J j] = wr\’, but where the wavefunctions in the various superfields are all equal
to e %/Q. The above vertex operator then has weight zero. We note that due to the
i i — A AT A + A AT A + ;
gauge invariance dwy = A ;AT + A++8)\ s 0wy = A AT+ A++8)\ and the pure spinor
constraint the last two terms are the only allowed such terms. The gauge transformation
of this operator are given by /1) = QpA©), where A is the ghost number zero operator

A® = 907 + dgAT + 17T, + JEot + TTet . (D.3)

The equations of motion obtained by requiring U™) to be Qp-closed when the pure
spinor constraint and the Ward identities are taken into account are

D+A+—|—B++ —QCi+2aZCi :0,

S
=
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DyB,;=D;B;;=0,
DyH,—Cf{=0, DH —C{=0,
D,Cf-Ff, =0, D, Cf-F =0, D.C}=D;Cf=0,
DyF{, =DiF/ =0.
These equations of motion are left invariant under the gauge transformations

§A; = Qp — ers QA + 267070 T (D.10)

0Bry = —DiQy, ' ' ( )
0C] = —DiA —sfolet —ofslaT, (D-12)

6H; = —o};A) + DTy , (D.13)

(D.14)

SFf, = Dy®y, OF, =D;®T.

The gauge transformations can be used to choose a gauge in which A; = 0, CT =

C’i =0 and H; = 0. In such a gauge the equations of motion yield that
Biy=B;; =0, C{=Cl=0, Ff =F =0 (D.15)
and the only remaining fields are B, ; and B, satisfying
D,B,; =0=D;B; ., (D.16)

each with two degrees of freedom. Then we need to project onto the physical supercoordi-
nates 67, so we keep only B in the cohomology.

The closed string spectrum is a product of the above superfields on the left and right:
M Atootoot B i +B 1 leading to two bosonic and two fermionic degrees of freedom, thus
matching the count obtained in the RNS cohomolgy.

D.2 d =2 gauge supermultiplet

In this appendix we show how the four-dimensional tachyon and its supermultiplet are
obtained. In order to simplify the computation we use SO(4) spinor notations and the
complex coordinates Z = ¢ + iz, W = z! 4 iz? and their complex conjugates Z and W.
The details about how to pass from the SO(4) to the SO(1,1) notations are in appendix
A. The superderivatives in these conventions are cast in the form

do = po — %@madaw - %a}medaz 4 %emaed, (D.17)

dg = pa — %&maaaw — %ag@eaaz — %eadaea (D.18)
and their non-singular OPE’s read

Ao (2)da(0) ~ —Q;“j‘ ~ 6040 (0) ~ Z0,02(0). (D.19)

The BRST operator is Qp = §(A*dq + Xdy,).
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The ghost number one and weight zero vertex operator is obtained with the procedure
explained in the previous section. We take the operator one would write for the first
massive level in the critical case [24]

UY = A, + 2190 Bap + A dpCE + MV Hyy 4 +
AW A2

+ MY Hyy  + NP K 50+ N T FE + )\O‘JgFfw (D.20)
where A = (o, ) and B = (3,3) are SO(4) Dirac indices and JE = wa AP ¢ and Jg =
waA? : are the worldsheet currents invariant under the gauge transformations in w, and
wg. Then, the wavefunctions of the various superfields appearing in the vertex operator
all contain the weight —1 vertex operator ¢4/ in order to have the weight zero vertex
operator needed for the massless tachyon. The gauge transformation of this vertex operator
is UMV = QpA®, where A is the ghost number zero operator

AO = 9040, + daA? + TV Ty + IV Ty + 7T 5 + J20G + Jf‘b?% :
(D.21)

Using the pure spinor constraint and the Ward identities, Q") = 0 implies the
equations of motion

DgAa + Bpo — €,5QCH + 6,500 C5 + 0! Bazcg + 60a0%Hy s =0, (D.22)
DyAs+ By + %ch + %awcﬁ + a;dazcﬁ + 00l Hyyy =0, (D.23)
DaCly + Flg =0, D(ﬁc =0, D(BC =0, D,Cl )+F( 5 =0, (D24)
DBy, =0, D(dBma ~ daaHyz =0, (D.26)
_ B _
DioHyypy =0, DHgyp =0, (D.28)
1 8 _
D Kgy — C'( 06)6 0, D(aKg) — Uﬁ(BCd) =0, (D.29)
5 5
DoFjy =0, D@uFj, =0, (D.30)

which posses the gauge symmetry

540 = Qo — €0 QA + GaaOip AY + 0L 07AY + 5060y, (D.31)
§As = Q& + €aa@A* + 06O A + 045 07A" + 60a0°T 'y (D.32)
0Bag = —Dof,  0B,5=—Daf + 0,y | (D.33)
0Bap = —DsQp +palyy s 0B,5=—Dsfy, (D.34)
508 = —DoAP — @8 5CP = —D A, (D.35)
5CP = —D, AP, 5C%° = —DaNP — 0 (D.36)
6Hwao = —0aaA® 4+ Dol ., 0Hwa = —00aA” + Dal'z, (D.37)
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§Hyy, = Dolyiy,  0Hyps = Dal'yy (D.38)
OKo = —0psA%+ Dol 0Ka = —03A" + Dal'z, (D-39)
OFL, = Da®d, OFL. = D;®. . (D.40)

By using the gauge parameters Qq, Q4, 'y, <1>§, @g A® and AY we can set

Ay = Ay =CP=C" = Hyo = Hwa = Hyp = Hyprs, = 0, (D.41)

where Hyy are set to zero after using (D.2§). From the equations of motion in this gauge

we get that
5t

Fag

= Fly =0, Cl=C3=Cl+0=0l=0=0C]+Cf=0. (D.42)

Using the equations of motion now we can solve for
B,5 = DaTy, B,y =D,1js. (D.43)

After taking into account all the gauge invariances and the equations of motion, of the
whole (D.2() we are left with the following field content. Out of the four K 4, we keep
three. We expect that these fields correspond to some higher states in the superstring
cohomology. The fields sitting in the B’s, that we identify with the supermultiplet the
tachyon sits in, boiled down to Ty,T%. If we focus on these last fields, the part of the
vertex operator which contains the tachyon reads Z/{j(}) = )\O‘aﬂdDaTd—i— )\E)‘OGO‘D&T w- We
have to project the vertex operator to the physical supercoordinates, that in our SO(4)
notation are (6!, 91). Then the vertex operator reduces to

Ul = X001 DTy (6", 601) + \%00' DTy (6,6') (D.44)

where the two physical superfields 77 and T} contain 2@ 2 degrees of freedom each. At this
point, the structure of the pure spinor space crucially comes into play. As we discussed, the
four dimensional pure spinor space A%A% = () is the union of two disconnected patches and
our would-be vertex operator (D.44)) is symmetric under the exchange of the two patches
A% <5 A% The RNS formalism is mapped onto just one of the two patches, let us choose the
e # 0 patch. If we want to compare the RNS cohomology with the pure spinor result, we
are forced to do that on one of the two disconnected patches, so the tachyon supermultiplet
on the patch A& Z# 0 has the form

U = \°99' D. Ty (6,61), (D.45)
containing 2 @ 2 degrees of freedom. In the closed string, the vertex operator is just

the product of the holomorphic and antiholomorphic vertex operators, which contains the
tachyon supermultiplet.
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E. The six-dimensional map

In this appendix we present some details about the map from the RNS to the pure spinor
variables in the six dimensional case of section [.d in the main text. In the following
discussion it will be convenient to break the SO(6) group into U(3) and classify the different
supercharges and pure spinor components using their representation in SU(3) U(1), 1n terms
of which g ; is in the representation 1%, while g1, g42 and g5 form a 3_ 1 representation.

We will work in the patch in which the 1% component of the pure spinor is non-zero

and raise the 13 supercharge ¢, i to picture % and obtain
2

q+i — bne3¢/2+i(H1+H2+H—Qx)/2 +n (El)

where . .. are terms with lower exponentials of the field ¢. The 3_1 is left in the —% picture.
2

We further define the fermionic momenta

pii= bne3¢>/2+i(H1+H2+H7Qm)/2’ pi1 = ef¢>/2+i(H17H2fH+Q:v)/2’

Dio = e—¢/2+i(—H'"+H?*~H+Qx)/2 : — o~ ¢/2+i(—H'—H*+H+Qx)/2

Pis
The last momentum is not a physical supercharge. It is taken instead of ¢, 4, which is
singular with ¢1; and ¢42 because of the supersymmetry algebra. The unphysical p 5 is

non-singular with all the others. We also define the coordinates conjugate to these momenta
i _ _i(HY 2 _ _i(Hl_g2_
gl — cle 3¢/2—i(H'+H*+H—-Qxx)/2 , o+l — 6(]5/2 i(H'—H*—H+Qu)/2 ’

92 — ob/2—i(—H'+H?~H+Qx)/2 9+2 :e¢>/27i(7H17H2+H+Q:v)/2.

We now map

from which we obtain
S . ) L
¢ = —Z(3H +3H" 4+ 3H* — 3Qx — 4ik — 9i¢ + 2ix), (E.3)
fi = i(H—i—Hl—i—HQ—Qm—4m—3i¢—2ix), (E.4)

which are non-singular with the fermionic momenta and satisfy the OPE’s
P(2)p(0) ~ —logz, &(2)R&(0) ~ log 2 (E.5)

and all the other OPE’s are non-singular.
The coordinate x is singular with the new variables. This is solved by performing the
shift 1
a' = —(ip— H' — H* - H). E.6
\/5( ¢ ) (E.6)

(A definition with the opposite signs is also possible.) It is curious that the new z’ is
independent of the original z.

Hence, the RNS bosonic fields z, 3 and 7 are mapped into the pure spinor bosons z/, &
and R, while the bosonic coordinates ¢ and z* (u =1,...,4 ) are mapped into themselves.
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The eight fermionic RNS variables v, 1, ¥*, band ¢ (u = 1,...,4) are mapped to the eight
fermionic coordinates and momenta. One can turn the RNS energy-momentum tensor into
pure spinor fields on this patch and obtain

1 1 1
T = —iax“ax”nw - 5(84,0)2 — 5(31")2 + %02(@ —ix') —
- p+159+i —p4100T — p 001 — p4259+2 -
1.~ 1 ~
- 5(a<z>)2 + 5(8@2 +0%¢ + 0%F . (E.7)

whose total central charge still vanishes. Next, one uses the standard bosonization of a
B~y-system in order to relate ¢ and £ to the pure spinor variables

)\+i = 6¢+r€ 5 w+i = al%eid)ir{ (E8)
and write the ((5, k) part of the energy-momentum tensor as
i1
Ty =w, 0N — 532 log 2, (E.9)

where ( is the top dimensional form on the pure spinor space [, fi]. By comparison with

(E-7) the top form is i '
Q = e 30FHR) — (=3, (E.10)

The above expressions are not covariant. They can be covariantized by adding the

missing 3_1 and 13 components of the weight (1,0) be-systems (paq, %) and (p2y, 605 ) and
2

1
the weight 2(1, 0) pure spinor 3y-systems (w1iq, A$) and (way, AJ) (we switched back to the
notation introduced in the beginning of this section) allowing us to write covariantly the
energy-momentum tensor (6.§). The addition of the quartet does not modify the central
charge due to the cancellation between the bc-systems and the (Gv-systems. The BRST

operator should be modified so that these additional fields do not modify the cohomology.

F. A projection

Consider the four dimensional non-critical superstring we constructed in section f.4. In
this appendix we propose a way to project out half of the doubled superspace. However,
we do not know what target space this string theory describes.

Consider the pure spinor BRST operator we considered in the main text

Qp = %A”dn, (F.1)
and add the following contribution

Q, = 6116211 ) (F2)

where Q1 = 3§ qr1 are two of the doubled supercharges. These are defined to anticommute
with the d’s in (F.27), and are given by

a1j = Prj + 57ij (01507 0(x1 +iw2) + 71507 0(p — iz) — Qer 10077 , (E.3)
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such that the OPE’s of the q7; among themselves is the same as (5.2§) but with opposite
signs.

Since the supercharges and the superderivatives anticommute, the new BRST charge
Q = @Qp + Q' is nilpotent on the pure spinor constraint (f.11)). Now let us look at the co-
homology of this theory. Instead of computing the cohomology of (1) and then removing
the unphysical 6+ from the spectrum, as we did in the main text, we now take Q as the
full BRST operator of the theory, without the need of a further projection. The cohomol-
ogy computation for the ghost number one and weight zero vertex operators () can be
computed in two steps. First, we compute the cohomology of the old (g, by which we
obtain the “off-shell” four dimensional vector supermultiplet (5.41]) with 4 @ 4 states, that
we can pack in a real four dimensional superfield V. Secondly, the action of the new term
Q' is just to remove from the spectrum the dependence on half of the supercoordinates
6!, However, this is a different projection with respect to the one that realizes the linear
dilaton background!

Requiring that the four dimensional vector superfield V' belongs to the cohomology of
Q = Qg + Q' restricts it to

Vlgn_o = ¢+ 0" + 6°F, (F.4)

giving a total of 2 @ 2 degrees of freedom as before, but with different space-time charges.

The interesting observation is that the BRST charge Q@ = Qp + Q' can be derived by
a GS-like action through the usual Oda-Tonin trick [Bg].

Consider now the four dimensional pure spinor action in the linear dilaton background
(b-29). 1t is invariant with respect to the pure spinor operator (F.J)) but not with respect
to the total BRST operator @ = Qg + Q'. In fact, the variation of the action with respect
to @ in (F.2) is [Q',S] = €' [d?20d;,. By applying a simple descent method, we find
that to restore the invariance of the action under the total BRST symmetry we need to
add the term

Show = €1 /d225w11, (F.5)

whose variation is [Q B, Snew] = —[Q’,S]. The total action S 4 Sy is now invariant with
respect to the total BRST operator. This analysis seems to produce a consistent projection.
What is the resulting string theory is not clear.

One may go the other way to get the pure spinor BRST invariant action from the
GS action, where we start with a GS-like action Sgg and consider the BRST fermion
U=/ d?zwr 00", following the procedure of [BY, [[J]. Then the total pure spinor action
is given by

Sps = SG’S + {Q, \Ij} .

In our case @ = Qp + Q.

References

[1] D. Kutasov and N. Seiberg, Noncritical superstrings, |Phys. Lett. B 251 (1990) 67.
[2] A.M. Polyakov, The wall of the cave, |Int. J. Mod. Phys. A 14 (1999) 645 [hep-th/9809057].

,67,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB251%2C67
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA14%2C645
http://arxiv.org/abs/hep-th/9809057

[3] A.M. Polyakov, Conformal fized points of unidentified gauge theories, [Mod. Phys. Lett. A 19

(2004) 1649 [hep-th/0405104].

[4] P.A. Grassi and Y. Oz, Non-critical covariant superstrings, hep—th/0507168.

[5] N. Berkovits, Super-Poincaré covariant quantization of the superstring, JHEP 04 (2000) 01§
[hep-th/0001034].

[6] N. Berkovits, Quantum consistency of the superstring in AdSs x S® background, JHEP 03

(2005) 041 [hep—th/041117(].

[7] E. Witten, Two-dimensional models with (0,2) supersymmetry: perturbative aspects,
lhep-th/050407§.

[8] N.A. Nekrasov, Lectures on curved beta-gamma systems, pure spinors and anomalies,
hep-th/0511008.

[9] N. Berkovits, ICTP lectures on covariant quantization of the superstring, hep—th/0209059|

[10] M. Matone, L. Mazzucato, I. Oda, D. Sorokin and M. Tonin, The superembedding origin of
the berkovits pure spinor covariant quantization of superstrings, [Nucl. Phys. B 639 (2002)

189 [hep-th/0206104].

[11] Y. Aisaka and Y. Kazama, Origin of pure spinor superstring, JHEP 05 (2005) 046
[hep-th/0502209].

[12] A. Gaona and J.A. Garcia, BF'T embedding of the Green-Schwarz superstring and the pure
spinor formalism, |JHEP 09 (2005) 083 [hep-th/0507074].

[13] N. Berkovits and O. Chandia, Massive superstring vertex operator in D = 10 superspace,
VHEP 08 (2002) 04( [hep-th/0204121]].

[14] N. Berkovits and P.S. Howe, Ten-dimensional supergravity constraints from the pure spinor
formalism for the superstring, |[Nucl. Phys. B 635 (2002) 75 [hep-th/0112160].

[15] N. Berkovits, Relating the rns and pure spinor formalisms for the superstring, [JHEP 08

(2001) 026 [hep-th/0104247).

[16] D. Friedan, E.J. Martinec and S.H. Shenker, Conformal invariance, supersymmetry and
string theory, [Nucl. Phys. B 271 (1986) 93.

[17] D. Kutasov, Some properties of (non)critical strings, hep—th/9110041.

[18] N. Itzhaki, D. Kutasov and N. Seiberg, Non-supersymmetric deformations of non-critical
superstrings, JHEP 12 (2005) 035 [hep-th/0510087].

[19] S. Murthy, Notes on non-critical superstrings in various dimensions, JHEP 11 (2003) 054
[hep-th/0305197.

[20] A. Giveon, D. Kutasov and O. Pelc, Holography for non-critical superstrings, JHEP 10

(1999) 037 [hep-th/9907174].

[21] K. Itoh and N. Ohta, Brst cohomology and physical states in 2-d supergravity coupled to ¢ <1
matter, [Nucl. Phys. B 377 (1992) 119 [hep-th/9110013].

[22] N. Seiberg, Observations on the moduli space of two dimensional string theory, JHEP 0

(2005) 01( [hep-th/050215§].

. Ita, H. Nieder an . Oz, On type-11 strings wn two aimensions,
23] H. Ita, H. Nied d Y. Oz, On type-II strings in two di j UHEP 06 (2005) 055
[hep-th/0502187].

,68,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA19%2C1649
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA19%2C1649
http://arxiv.org/abs/hep-th/0405106
http://arxiv.org/abs/hep-th/0507168
http://jhep.sissa.it/stdsearch?paper=04%282000%29018
http://arxiv.org/abs/hep-th/0001035
http://jhep.sissa.it/stdsearch?paper=03%282005%29041
http://jhep.sissa.it/stdsearch?paper=03%282005%29041
http://arxiv.org/abs/hep-th/0411170
http://arxiv.org/abs/hep-th/0504078
http://arxiv.org/abs/hep-th/0511008
http://arxiv.org/abs/hep-th/0209059
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB639%2C182
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB639%2C182
http://arxiv.org/abs/hep-th/0206104
http://jhep.sissa.it/stdsearch?paper=05%282005%29046
http://arxiv.org/abs/hep-th/0502208
http://jhep.sissa.it/stdsearch?paper=09%282005%29083
http://arxiv.org/abs/hep-th/0507076
http://jhep.sissa.it/stdsearch?paper=08%282002%29040
http://arxiv.org/abs/hep-th/0204121
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB635%2C75
http://arxiv.org/abs/hep-th/0112160
http://jhep.sissa.it/stdsearch?paper=08%282001%29026
http://jhep.sissa.it/stdsearch?paper=08%282001%29026
http://arxiv.org/abs/hep-th/0104247
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB271%2C93
http://arxiv.org/abs/hep-th/9110041
http://jhep.sissa.it/stdsearch?paper=12%282005%29035
http://arxiv.org/abs/hep-th/0510087
http://jhep.sissa.it/stdsearch?paper=11%282003%29056
http://arxiv.org/abs/hep-th/0305197
http://jhep.sissa.it/stdsearch?paper=10%281999%29035
http://jhep.sissa.it/stdsearch?paper=10%281999%29035
http://arxiv.org/abs/hep-th/9907178
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB377%2C113
http://arxiv.org/abs/hep-th/9110013
http://jhep.sissa.it/stdsearch?paper=03%282005%29010
http://jhep.sissa.it/stdsearch?paper=03%282005%29010
http://arxiv.org/abs/hep-th/0502156
http://jhep.sissa.it/stdsearch?paper=06%282005%29055
http://arxiv.org/abs/hep-th/0502187

[24] N. Seiberg, Notes on quantum Liouville theory and quantum gravity, Prog. Theor. Phys.
Suppl. 102 (1990) 319.

[25] N. Berkovits, A new description of the superstring, hep-th/9604123.

[26] P.A. Grassi and J.F. Morales Morera, Partition functions of pure spinors, |[Nucl. Phys. B 751

(2006) 53 [hep-th/051021§].

27] W. Siegel, Classical superstring mechanics, |[Nucl. Phys. B 263 (1986) 93.

)
2,

N. Wyllard, Pure-spinor superstrings in D =2, 4, 6, JHEP 11 (2005) 009 [hep-th/0509165].

)
=)

P.A. Grassi and N. Wyllard, Lower-dimensional pure-spinor superstrings, JHEP 12 (2005)

007 [hep-th/050914(].

[30] J. Polchinski, String theory, vol. 2. Superstring theory and beyond, Cambridge Univ. Pr., UK,
1998, p. H31.

[31] N. Berkovits, Multiloop amplitudes and vanishing theorems using the pure spinor formalism
for the superstring, [JHEP 09 (2004) 047 [hep-th/0406055].

[32] R.R. Metsaev and A.A. Tseytlin, Type iib superstring action in AdSs x S° background,

Phys. B 533 (1998) 109 [hep-th/980502].

[33] P. Bouwknegt, J.G. McCarthy and K. Pilch, Ground ring for the 2D NSR string,

B 377 (1992) 541| [hep-th/9112036].

[34] P.A. Grassi, G. Policastro, M. Porrati and P. Van Nieuwenhuizen, Covariant quantization of
superstrings without pure spinor constraints, JHEP 10 (2002) 054| [hep-th/0112163].

[35] N. Berkovits and N. Nekrasov, The character of pure spinors, |Lett. Math. Phys. 74 (2005) 75
[hep-th/0503075).

[36] A. Connes and M. Dubois-Violette, Yang-Mills algebra, |[Lett. Math. Phys. 61 (2002) 149
[nath.qa/0206204].

[37] O. Aharony, A. Giveon and D. Kutasov, LSZ in LST, [Nucl. Phys. B 691 (2004) 3|
[hep-th/0404016].

[38] I. Oda and M. Tonin, On the berkovits covariant quantization of GS superstring, |Phys. Lett

B 520 (2001) 398 |hep-th/0109051]].

,69,


http://arxiv.org/abs/hep-th/9604123
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB751%2C53
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB751%2C53
http://arxiv.org/abs/hep-th/0510215
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB263%2C93
http://jhep.sissa.it/stdsearch?paper=11%282005%29009
http://arxiv.org/abs/hep-th/0509165
http://jhep.sissa.it/stdsearch?paper=12%282005%29007
http://jhep.sissa.it/stdsearch?paper=12%282005%29007
http://arxiv.org/abs/hep-th/0509140
http://jhep.sissa.it/stdsearch?paper=09%282004%29047
http://arxiv.org/abs/hep-th/0406055
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB533%2C109
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB533%2C109
http://arxiv.org/abs/hep-th/9805028
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB377%2C541
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB377%2C541
http://arxiv.org/abs/hep-th/9112036
http://jhep.sissa.it/stdsearch?paper=10%282002%29054
http://arxiv.org/abs/hep-th/0112162
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2CA74%2C75
http://arxiv.org/abs/hep-th/0503075
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2CA61%2C149
http://xxx.lanl.gov/abs/math.qa/0206205
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB691%2C3
http://arxiv.org/abs/hep-th/0404016
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB520%2C398
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB520%2C398
http://arxiv.org/abs/hep-th/0109051

